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in terms of actions (features). Likewise, both approaches require the addition of further structural relationships between
actions to manage (advanced) variability constraints. In this
paper, we illustrate their commonalities and differences by
applying both approaches to the same running example.
As such, we continue the research we initiated in [3]–[5].
In [3], we showed how to finitely characterise a subclass
of MTSs by means of deontic logic formulae. In [4], we
presented an initial attempt at a logical framework capable
of addressing both static and behavioural conformance of
products of a product family, by defining a deontic extension
of an action- and state-based branching-time temporal logic
interpreted over doubly-labelled MTSs. In [5], we introduced
MHML and presented a first step towards a modelling
and verification framework by providing a global modelchecking algorithm to verify MHML formulae over MTSs.
Modelling and verifying static constraints over products
of a product family usually requires separate expressions in
a first-order logic [8], [20], [31], whereas modelling and verifying behavioural properties over the products of a product
family is typically not addressed in feature modelling.

Abstract—We illustrate how to manage variability in a single
logical framework consisting of a Modal Transition System
(MTS) and an associated set of formulae expressed in the
branching-time temporal logic MHML interpreted in a deontic
way over such MTSs. We discuss the commonalities and
differences with the framework of Classen et al. based on
Featured Transition Systems and Linear-time Temporal Logic.

I. I
Decades after their introduction in [29], Modal Transition
Systems (MTSs) and several variants have been recognised
as a formal model for behavioural aspects of product families [1], [3]–[7], [18], [19], [21], [28], [30]. An MTS is a
Labelled Transition System (LTS) with a distinction among
may and must transitions, which can be seen as optional
and mandatory for the products of a family. Hence, given a
product family, a single MTS allows the definition of both:
1) its underlying behaviour, by means of states and
actions, shared among all products, and
2) its variation points, by means of possible and mandatory transitions, differentiating between products.
While it can model optional and mandatory features, an
MTS alone cannot model constraints regarding alternative
features nor those regarding requires and excludes interfeature relations. In [5], we therefore defined a branchingtime temporal logic, MHML, able to express such constraints
(and behavioural properties alike) and envisioned an algorithm to derive LTSs describing valid products from an MTS
describing a product family and an associated set of MHML
formulae expressing further constraints for the family.
Our approach is thus to manage variability in product
families with a single logical framework consisting of an
MTS and a set of MHML formulae (interpreted over MTSs).
Also Featured Transition Systems (FTSs) [14] were defined to describe the behaviour of a product family in a single
model. An FTS is a Doubly-Labelled Transition System
(L2 TS) with an associated feature diagram, a distinction
among transitions by means of a labelling indicating which
transitions correspond to which features, and an ordering of
the transitions that correspond to alternative features.
Both approaches thus model product families in terms of
specific transition systems that define a family’s behaviour
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Related Work
We first discuss analysis approaches close to ours in detail.
In [21], an algorithm is defined to check conformance of
LTSs against MTSs according to a given branching relation,
i.e. check conformance of the behaviour of a product against
that of its product family. It is a fixed-point algorithm that
starts with the Cartesian product of the states and iteratively
eliminates pairs that are invalid according to the given
relation. The algorithm is implemented in a tool that allows
one to check whether or not a given LTS conforms to a given
MTS according to a number of different branching relations.
In [30], variable I/O automata are introduced to model
product families, together with a model-checking approach
to verify conformance of products w.r.t. a family’s variability. This is achieved by using variability information in the
model-checking algorithm (while exploring the state space
an associated variability model is consulted continuously).
Properties expressed in CTL [9] are verified by explicitstate model checking, progressing one state at a time. Like
modal I/O automata [28], variable I/O automata extend I/O
automata with a distinction among may and must transitions.
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In [14], an explicit-state model-checking technique to
verify linear-time temporal properties over FTSs is defined.
This results in a means to check that whenever a behavioural
property is satisfied by an FTS modelling a product family,
then it is also satisfied by every product of that family,
and whenever a property is violated, then not only a
counterexample is provided but also the products violating
the property. In [15], this approach is improved by using
symbolic model checking, examining sets of states at a time,
and a feature-oriented version of CTL.
Finally, we briefly mention some further related approaches. In [18], [19], we extended MTSs to model advanced variability constraints regarding alternative features.
In [24], [25], an algebraic approach to behavioural modelling
and analysis of product families was developed, while feature Petri nets were introduced in [34] to model behaviour
of product families with a high degree of variability.

III. B: B M  P F
We adopt the definitions of two behavioural models
capable of dealing with the variability notions characterising product families at different levels of detail: Modal
Transition Systems (MTSs) and Featured Transition Systems
(FTSs). Their underlying models are (Doubly-)Labelled
Transition Systems (L(2) TSs).
Definition 1. A Labelled Transition System (LTS) is a 4tuple (Q, A, q, δ), with set Q of states, set A of actions, initial
state q ∈ Q, and transition relation δ ⊆ Q × A × Q.
A Doubly-Labelled Transition System (L2 TS) is a 6-tuple
(Q, A, q, δ, AP, L), with underlying LTS (Q, A, q, δ), set AP
of atomic propositions, and labelling function L : Q → 2AP
associating a subset of AP to each state of the LTS.
a
If (q, a, q0 ) ∈ δ, then we also write q →
− q0 .

Outline

Since we intend to characterise the behaviour of product
families, we need a notion for the evolution of time in LTSs.

After a brief description in Sect. II of a simple running
example used throughout the paper, we discuss MTSs and
FTSs in detail in Sect. III. In Sect. IV, we discuss MHML
and show how it can be used to manage variability in our
framework. In Sect. V, we compare our framework with
that of [14]. In Sect. VI, we show how to derive valid
products from a product family modelled in our framework.
We conclude and outline future work in Sect. VII.

Definition 2. Let (Q, A, q, δ) be an LTS with q ∈ Q. Then σ
is a path from q if σ = q (empty path) or σ = q1 a1 q2 a2 q3 · · ·
ai
with q1 = q and qi −
→ qi+1 for all i > 0 (possibly infinite path).
A full path is a path that cannot be extended further, i.e.
it is infinite or ends in a state without outgoing transitions.
The set of all full paths from q is denoted by path(q).
If σ = q1 a1 q2 a2 q3 · · · , then its i-th state qi is denoted by
σ(i) and its i-th action ai is denoted by σ{i}.
A. MTS: Modal Transition Systems [29]

II. R E: F  C M

Definition 3. A Modal Transition System (MTS) is a 5-tuple
(Q, A, q, δ^ , δ ), with underlying LTS (Q, A, q, δ^ ∪ δ ). An
MTS has two distinct transition relations: δ^ ⊆ Q × A × Q is
the may transition relation, expressing possible transitions,
while δ ⊆ Q × A × Q is the must transition relation,
expressing mandatory transitions. By definition, δ ⊆ δ^ .
a
If (q, a, q0 ) ∈ δ^ , then we also write q →
− ^ q0 and likewise
a
we also write q →
−  q0 for (q, a, q0 ) ∈ δ .

For easy comparison with [3]–[5], [12], [14] we show our
contribution through a family of (simplified) coffee machines
as running example, with the following list of requirements.
1) The only accepted coins are: one euro coin (1e),
exclusively for European products and one dollar coin
(1$), exclusively for Canadian products (constraints);
2) After inserting a coin, the user has to choose whether
(s)he wants sugar, by pressing one of two buttons, after
which (s)he may select a beverage (temporal ordering);
3) The choice of beverage (coffee, tea, cappuccino) varies
between products. However, coffee must be offered by
all products of the family, while cappuccino is only
offered by European products (constraints);
4) Optionally, a ringtone is rung after delivering a beverage. However, a ringtone must be rung in products offering cappuccino (temporal ordering and constraint);1
5) After the beverage is taken, the machine returns idle
(temporal ordering).
This list of requirements contains (static) constraints (1, 3,
and part of 4) defining the differences between products, as
well as temporal orderings (2, part of 4, and 5) defining the
products’ behaviour through admitted sequences of actions.
1 Note

MTSs thus allow the distinction of a special type of path.
Definition 4. Let M be an MTS and let σ = q1 a1 q2 a2 q3 · · ·
be a full path in its underlying LTS. Then σ is a must path
ai
(from q1 ) in M if qi −
→ qi+1 , for all i > 0.
The set of all must paths from q1 is denoted by -path(q1 ).
A must path σ is denoted by σ .
An MTS provides an abstract description of a product
family’s set of (valid) products, based on a ‘translation’ from
constraints to transitions labelled with actions and a temporal
ordering among them. The products differ w.r.t. the actions
they can perform in any given state: the MTS must allow all
possibilities desired for each derivable valid product, affirming the choices that make a product belong to the family.
The MTS depicted in Fig. 1, in which dashed arcs are used
for the may transitions that are not must transitions (δ^ \ δ )

that this requirement 4) has been modified slightly w.r.t. [3]–[5].
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Figure 1.

MTS modelling the family of coffee machines.

Figure 2.

LTS modelling a European coffee machine.

Figure 3.

LTS modelling a Canadian coffee machine.

and solid ones for must transitions (δ ), is an attempt to
model all possible behaviours conceived for the family of
coffee machines described in Sect. II.
Note that an MTS is thus able to model the constraints
concerning optional and mandatory features (by means of
may and must transitions). However, no MTS is able to
model the constraint that 1e and 1$ are exclusive nor that
a cappuccino is not offered in Canadian products. We now
make this claim somewhat more clear by defining how to
generate products (LTSs) from a product family (MTS).
Definition 5. Given an MTS M = (Q, A, q, δ^ , δ ) that
specifies a family, a set of products specified as a set of
LTSs { Pi = (Qi , A, q, δi ) | i > 0 } is derived by considering
each transition relation δi to be δ ∪ R, for some R ⊆ δ^ ,
defined over a set of states Qi ⊆ Q, such that q ∈ Qi , and
every q ∈ Qi is reachable from q via transitions from δi .
More precisely, we say that Pi is a product of M, denoted
by Pi ` M, if and only if qi ` q, where qi ` q holds, for
some qi ∈ Qi and q ∈ Q, if and only if:
a

1) whenever q →
−  q0 , for some q0 ∈ Q, then ∃ q0i ∈ Qi :
a
qi →
− i q0i and q0i ` q0 , and
a
2) whenever qi →
− i q0i , for some q0i ∈ Qi , then ∃ q0 ∈ Q :
a
q→
− ^ q0 and q0i ` q0 .

B. FTS: Featured Transition Systems [14]
A feature model for the coffee machine family of Sect. II
is depicted in Fig. 5. It defines a family of 12 different valid
products (coffee machines defined by their sets of features):
{{m, s, o, b, c, e}, {m, s, o, b, c, e, r}, {m, s, o, b, c, e, t},
{m, s, o, b, c, $}, {m, s, o, b, c, $, r}, {m, s, o, b, c, $, t},
{m, s, o, b, c, e, t, r}, {m, s, o, b, c, e, p, r},
{m, s, o, b, c, $, t, r}, {m, s, o, b, c, e, p, r, t}}
The LTSs depicted in Figs. 2 and 3 correspond to two of
these 12 products: {m, s, o, b, c, e, p, r} and {m, s, o, b, c, $, r}.
FTSs model constraints by explicitly referring to features.

From the MTS depicted in Fig. 1, Def. 5 allows for the
derivation of products (LTSs), including the European and
Canadian coffee machines depicted in Figs. 2 and 3. Note,
however, that Def. 5 also allows for the derivation of the
LTS depicted in Fig. 4, but the product it models violates the
constraints of requirements 1 and 3 (cf. Sect. II) by allowing
the insertion of 1e and 1$ and offering cappuccino.
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Figure 5.

Figure 4.

Feature model of the family of coffee machines (with shorthand names).

LTS derived from the MTS depicted in Fig. 1.

Figure 6.

Definition 6. A Featured Transition System (FTS) is a 9-tuple
(Q,A,q,δ,AP,L,FD,γ,>), with underlying L2 TS (Q,A,q,δ,AP,L),
feature diagram FD over a set F of features, total function
γ : δ → F labelling transitions with features, and partial
order > ⊆ δ × δ defining an ordering among transitions.

It is important to note that it is the inclusion of the full
feature diagram that allows an FTS to manage variability.
A (correct) product (L2 TS) is obtained from a product
family (FTS) by projection on that product’s set of features.
Definition 7. Given an FTS F = (Q, A, q, δ, AP, L, FD, γ, >)
that specifies a family, a set of products specified as a set
of L2 TSs { P p = (Q p , A p , q, δ p , AP p , L p ) | p ⊆ 2F } may
be derived by considering each transition relation δ p to
be obtained from δ by pruning (i) all transitions labelled
with features not in p and (ii) all transitions overriden by
transitions preceding them in the partial order.
More precisely, we say that P p , with p ⊆ 2F , is a product
of F , denoted by P p ` F , if and only if:

A transition of an FTS is thus labelled with an action and
a feature and multiple outgoing transitions may be ordered.
The L2 TS depicted in Fig. 6,2 with the feature label of a
transition shown next to its action label (separated by a /),
and the feature diagram depicted in Fig. 5 together form an
FTS that models the family of coffee machines described in
ring a tone/r

skip/m

Sect. II. The partial order ←−−−−−−−− > ←−−−− establishes
that all products containing both the features r and m only
ring a tone/r

a

have the transition ←−−−−−−−− out of these two transitions.
2 For

FTS modelling the family of coffee machines.

a

b

δp = { q →
− q1 ∈ δ | γ(q →
− q1 ) ∈ p ∧ @ q →
− q2 ∈ δ :
b

b

a

γ(q →
− q2 ) ∈ p ∧ q →
− q2 > q →
− q1 }.

readability, the set AP of atomic propositions was omitted in Fig. 6.
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From the FTS depicted in Fig. 6, Def. 7 allows the derivation of all 12 products (L2 TSs) of the coffee machine family.
It is important to note a fundamental difference between
product derivation as defined at this point for MTSs (Def. 5)
and as defined for FTSs (Def. 7) [14], illustrated in Fig. 7: in
the latter case, only valid products, i.e. satisfying the requirements, are derived by explicitly using the feature diagram,
whereas products derived correctly by Def. 5 may violate
constraints that MTSs cannot model, i.e. those concerning
alternative features and the requires and excludes interfeature relations, and thus need not satisfy the requirements.
The LTS depicted in Fig. 4 is an example of a correct product
of the MTS depicted in Fig. 1 (according to Def. 5) that is
not a valid product of the family of coffee machines.

Figure 7. Venn diagrams of product derivation for MTSs (l) and FTSs (r).

The formal semantics of MHML is interpreted over MTSs.
Definition 9. Let (Q, A, q, δ^ , δ ) be an MTS, with q ∈ Q
and a full path σ. The satisfaction relation |= of MHML is:
• q |= true always holds
• q |= ¬ φ iff not q |= φ
0
0
• q |= φ ∧ φ iff q |= φ and q |= φ
a
0
• q |= hai φ iff ∃ q ∈ Q such that q →
−  q0 , and q0 |= φ
a
0
• q |= [a] φ iff ∀ q ∈ Q such that q →
− ^ q0 , we have q0 |= φ
0
0
• q |= E π iff ∃ σ ∈ path(q) : σ |= π
0
0
• q |= A π iff ∀ σ ∈ path(q) : σ |= π
0
0
0
0
• σ |= φ {ϕ} U {ϕ } φ iff ∃ j ≥ 1 : σ( j) |= φ , σ{ j} |= ϕ ,
0
and σ( j + 1) |= φ , and ∀1 ≤ i < j : σ(i) |= φ and σ{i} |= ϕ

0
0


• σ |= φ {ϕ} U {ϕ } φ iff σ is a must path σ and σ |=
0
0
φ {ϕ} U {ϕ } φ

IV. MHML: A L  E V
In [5], we defined a logical framework in which to express
both variability constraints over the products of a family
and behavioural properties over products and families alike.
To this aim, we defined the action-based and branchingtime temporal logic MHML based on the “Hennessy–Milner
logic with Until” defined in [16], [27], but we interpreted it
over MTSs rather than LTSs. MHML extends this logic by
considering the different type of transitions of an MTS and
by incorporating the existential and universal state operators
(quantifying over paths) from CTL. As such, MHML is
derived from the logics defined in [16], [23], [26], [27] and
it is an action-based variant of the logic proposed in [4].
MHML defines state formulae (denoted by φ), path formulae (denoted by π), and action formulae (boolean compositions
of actions, denoted by ϕ, with the usual semantics taken from
[16]) over a set A of atomic actions {a, b, . . .}. For modelchecking purposes, its syntax is slightly extended w.r.t. [5].

The classical duality rule of Hennessy–Milner logic, stating haiφ = ¬[a]¬φ, does not hold for MHML. In fact,
¬[a]¬φ corresponds to a weaker version of the classical
diamond operator which we denote as P(a) φ: a next state
may exist, reachable by executing action a, in which φ holds.
A number of further operators can be derived in the
usual way: false abbreviates ¬ true, φ ∨ φ0 abbreviates
¬(¬φ∧¬φ0 ), and φ =⇒ φ0 abbreviates ¬φ∨φ0 . Fφ abbreviates
(true {true} U {true} φ): there exists a future state in which
φ holds. F {ϕ} true abbreviates true {true} U {ϕ} true: there
exists a future state reached by an action satisfying ϕ.
F  {ϕ} true abbreviates true {true} U  {ϕ} true: there exists a
future state of a must path reached by an action satisfying ϕ.
F  φ abbreviates true {true} U  {true} φ: there exists a future
state of a must path in which φ holds. AG φ abbreviates
¬EF ¬φ: in all states on all paths, φ holds. AG φ abbreviates
¬EF  ¬φ: in all states on all must paths, φ holds.
MHML interprets classical modal and temporal operators
in a deontic way. Deontic logic formalises notions like violation, obligation, permission, and prohibition [2]. For product
families, deontic logic allows to suitably capture constraints
regarding optional and mandatory features. Indeed, MHML
can express both permitted and obligatory actions.
MHML can also be interpreted over LTSs. Since LTSs
consist of only must transitions, all MHML modalities must
be interpreted as for the classical Hennessy–Milner logic:
MHML’s weaker version of the diamond operator, P(a) φ,
collapses onto the classical diamond operator, and MHML’s
box operator collapses onto the classical box operator.

Definition 8. The syntax of MHML is:
φ ::= true | ¬ φ | φ ∧ φ0 | hai φ | [a] φ | E π | A π
π ::= φ {ϕ} U {ϕ0 } φ0 | φ {ϕ} U  {ϕ0 } φ0
The intuitive interpretation of the nonstandard operators is:
• hai φ: a next state exists, reachable by a must transition
executing action a, in which φ holds
• [a] φ: in all next states, reachable by a may or must
transition executing action a, φ holds
• E π: there exists a full path on which π holds
• A π: on all possible full paths, π holds
0
0
• φ {ϕ} U {ϕ } φ : in a future state reached by an action
0
satisfying ϕ , φ0 holds, while φ holds from the current
state until that state is reached and all actions executed
in the meanwhile along the path satisfy ϕ

0
0
• φ {ϕ} U {ϕ } φ : in a future state reached by an action
satisfying ϕ0 , φ0 holds, while φ holds from the current
state until that state is reached and the path leading to
that state is a must path such that all actions executed
in the meanwhile along the path satisfy ϕ
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A. Model-Checking Algorithm for MHML

Property
A
B
C
D
E

The problem model checking aims to solve is: given a
desired property, expressed as a formula ψ in a logic, and a
model T , in the form of a transition system, decide whether
T |= ψ holds, where |= is the logic’s satisfaction relation. If
T 6|= ψ, then it is usually easy to generate a counterexample.
If T is finite, model checking reduces to a graph search.
Based on the parameters T and ψ, different strategies can
be pursued to design model-checking algorithms. In [5],
we defined a global model-checking algorithm for MHML
by extending the classical algorithms for Hennessy–Milner
logic and for (A)CTL [9], [10], [16], [33]. Recently [7],
we implemented an on-the-fly model-checking algorithm
for MHML as a particularization of the FMC model
checker [32] for ACTL [16] over networks of automata
(which can be specified in a CCS-like process algebra [22]).
On the basis of the algorithm presented in [5], model
checking MHML formulae over MTSs can be achieved in
a complexity that is linear w.r.t. the state space size. More
details of our logical framework are given in [6], [7].

Fig. 1
false
false
false
true
true

Fig. 2
true
true
true
true
true

Fig. 3
true
true
true
true
true

Fig. 4
false
false
true
true
true

Table I
V  A–E  F. 1–4     [5].

Property C expresses a constraint regarding a requires
relation. Note that such a static relation does not imply any
ordering: a coffee machine that rings a tone before producing
a cappuccino cannot be excluded as a valid product of the
family of coffee machines on the basis of this relation. It is
the duty of the behavioural description of a product (family)
as provided by an LTS (MTS) to impose temporal orderings.
We give two MHML formulae for such temporal orderings.
Property D Once a coffee has been selected, a coffee is
eventually delivered:
AG [coffee] AF  {pour coffee} true

B. Managing Advanced Variability
We consider product families modelled by constraints (defining differences among products) and temporal orderings
(defining product behaviour as admitted action sequences).
We complement MTS models of families with MHML
formulae expressing the constraints that MTSs cannot capture. Recall from Sect. III that these concern the constraints
regarding alternative features and those regarding requires
and excludes inter-feature relations. We formalise an example of each of these constraints for our running example.3
Property A Coffee machines may not accept both 1e
and 1$ coins (1e and 1$ are alternative):

Property E A coffee machine may never deliver a coffee
before a coin has been inserted:
A [true {¬ coffee} U  {1$ ∨ 1e} true]
Verifying Properties A–E over the MTS and LTSs depicted
in Figs. 1–4 with FMC (by means of the model-checking
algorithm from [5]) leads to the results presented in Table I.
V. A C   F  [14]
Recall from Sect. III the following difference between
MTSs and FTSs regarding product derivation (cf. Fig. 7).
In case of FTSs, all and only products that are correct
w.r.t. the requirements are derived (at the price of including
a feature diagram in each FTS), whereas in case of MTSs
also correctly derived products may violate constraints of
the type that MTSs cannot model (e.g. the LTS depicted in
Fig. 4). As a result, in our framework not all properties
(expressed as MHML formulae) that hold for a product
family (modelled as MTS) also hold for all the family’s
products (modelled as LTSs). However, if the frameworks
are applied to product families in which variability is limited
to optional and mandatory features, an FTS still includes
a feature diagram whereas an MTS can do without an
associated set of MHML formulae.
We have the following results regarding the preservation
of properties from a family to its products in our framework.

(EF h1ei true ∨ EF h1$i true) ∧
¬ (EF P(1e) true ∧ EF P(1$) true)
This MHML formula formalises requirement 1) of Sect. II.
Property B Cappuccino may not be offered in Canadian
coffee machines (cappuccino excludes 1$):
((EF P(cappuccino) true) =⇒ (AG ¬P(1$) true)) ∧
((EF P(1$) true) =⇒ (AG ¬P(cappuccino) true))
This MHML formula formalises (a part of) requirement 3).
Property C Coffee machines offering cappuccino must
ring a tone (cappuccino requires ring a tone):
(EF P(cappuccino) true) =⇒ (EF hring a tonei true)
This MHML formula formalises (a part of) requirement 4).
Each of these formulae combines constraints represented
by a deontic interpretation in MHML with behavioural relations on actions expressed by the temporal part of MHML.

Theorem 1. Given an MTS M and an MHML formula φ,
if M |= φ then ∃ P ` M by Def. 5 such that P |= φ.
Proof: Consider the product obtained by turning all may
transitions into must ones: φ’s may modalities collapse to must
ones, and φ’s interpretation on this LTS does not change.

3 Recall

that the deontic permission operator P is represented by MHML’s
weaker version of the classical diamond modality, i.e. P(a) φ = ¬[a]¬φ.
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Examples are Properties D and E that hold for the MTS
depicted in Fig. 1 and for the LTSs depicted in Figs. 2 and 3.

illustrated in Fig. 7. In case of Thm. 5, a product violating a
desired logical property is nonetheless a valid product (according to the feature model), making the FTS an incorrect
model of the family that must be corrected: either the feature
model or its ‘translation‘ into an FTS need to be redefined.
In case of Thm. 2, on the other hand, we have already
seen that a product that violates the logical property need
not be a valid product of the product family (cf. Fig. 7).
While all products that can be derived from a product family
by Def. 5 are correct w.r.t. all the requirements that MTSs
can model (i.e. constraints regarding optional and mandatory
features, but also temporal orderings), these products may
be incorrect w.r.t. the constraints that MTSs cannot model
(i.e. those regarding alternative features and the requires
and excludes inter-feature relations). An example is the LTS
depicted in Fig. 4, in which 1e and 1$ are not alternative.

Theorem 2. Given an MTS M and an MHML formula φ,
if M 6|= φ then ∃ P ` M by Def. 5 such that P 6|= φ.
Proof: This is a corollary of Thm. 1, taking φ = ¬ψ.
Examples are Properties A and B that hold neither for the
MTS depicted in Fig. 1 nor for the LTS depicted in Fig. 4.
The preservation of properties expressed as logical formulae from one transition system to another, on the basis of a
simulation relation between these two transition systems, is
well-studied in the literature. Intuitively, transition system T1
is simulated by transition system T2 if every transition in T1
can be ‘mimicked’ by some transition in T2 . For an MTS M
and any of its products P (an LTS), it immediately follows
from Def. 5 that every must transition in M can indeed be
‘mimicked’ by some transition in P. As a result, a sufficient
condition for the preservation of MHML properties from a
product family to its products is that these properties can be
expressed as formulae in the fragment MHML of MHML.

VI. D  V P   P F
In Sect. IV-B, we showed how to formalise in MHML the
constraints regarding alternative features and regarding the
requires and excludes inter-feature relations. These example
properties A, B, and C can easily be generalised into MHML
template formulae ALT, EXC, and REQ for such constraints.
We define an algorithm to derive LTS descriptions of products; not from the MTS description of a product family alone,
but also from an associated set of MHML formulae expressing further constraints. The outcome is a set of LTS descriptions of valid products, i.e. each satisfying all constraints (expressed in MHML). The underlying idea is to construct intermediate LTSs (partially covering the original MTS to a given
depth) in a step-by-step fashion as follows. First unfold the
initial MTS according to the type of transitions, meanwhile
verifying formulae of type ALT and EXC, and continue only
with the LTSs satisfying all formulae. In the end, when
no more unfolding step can be applied to the LTSs, verify
formulae of type REQ and (partially) ALT over these LTSs.
We illustrate this algorithm for the MTS depicted in Fig. 1.
A first unfolding based on its type of transitions results in:

Definition 10. The syntax of the fragment MHML is:
φ ::= true | φ ∧ φ0 | φ ∨ φ0 | hai φ | [a] φ | EF  {ϕ} | AF  {ϕ} |
E(φ {ϕ} U  {ϕ} φ0 ) | A(φ {ϕ} U  {ϕ} φ0 ) | EG φ | AG φ | AGφ
In particular, a formula of the form [a] φ is a universal
formula which is preserved on the same basis as that of the
classical result of preservation by simulation for CTL [11].
Instead, a formula of the form hai φ is preserved as it dictates
the existence of a must path with certain characteristics,
which by Def. 5 will necessarily be found in all products.
Formally, we thus obtain the following result (cf. Thm. 1).
Theorem 3. Given an MTS M and an MHML formula φ,
if M |= φ then ∀ P ` M by Def. 5 we have P |= φ.
An example is Property D, which holds for the MTS
depicted in Fig. 1 and for the LTSs depicted in Figs. 2 and 3.
Consider the following Linear-time Temporal Logic (LTL)
to express properties over FTSs, which is equivalent to that
used in [14], but redefined with a slightly different syntax.4
Definition 11. φ ::= true | ¬ φ | φ ∧ φ0 | Xa φ | φ U φ0

•
(i)

This allows us to reformulate two results from [14], which
compared with the above three theorems regarding our framework show the main differences with the framework of [14].

1e

1$

• ←−− • −−→ •
(iv)

(EF h1$i true ∨ EF h1ei true) ∧
¬(EF P(1$) true ∧ EF P(1e) true)

Theorem 5. Given an FTS F and an LTL formula φ, if
F 6|= φ then ∃ P ` F by Def. 7 such that P 6|= φ.

Verifying this formula over the above intermediate LTSs
implies that the algorithm would only continue to unfold the
original MTS from the leaf states of the above intermediate
LTSs (ii) and (iii) onwards. The final result of the algorithm
would thus be a set of valid products, the behaviour of each
guaranteeing that initially only a 1e or a 1$ can be inserted.

Specifically note a subtle but important difference between
Thm. 2 and Thm. 5, due to the difference between product
derivation for MTSs (Def. 5) and that for FTSs (Def. 7)
a

1$

• −−→ •
(iii)

Next, the algorithm would consider the relevant MHML formula of type ALT (Property A: 1e and 1$ are alternative):

Theorem 4. Given an FTS F and an LTL formula φ, if
F |= φ then ∀ P ` F by Def. 7 we have P |= φ.

4X

1e

• ←−− •
(ii)

φ says that in the next state of the path, reached by action a, φ holds.
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c) else, add a new state q0 and a must transition
a
q →
−  q0 to L, and add the derivation step
derive(M, p0 , L, q0 ) to D;
d) finally, for each formula φ ∈ Φ \ ΦREQ in which
a occurs, verify whether or not L |= φ. If L 6|= φ,
remove L from the working set L and remove
derive(M, p, L, q) from D.

A. Problem Statement
Given an MTS M and a set Φ of constraints expressed
as MHML formulae φi , for some i ≥ 0, derive the set P
containing all LTSs P j , for some j ≥ 0, for which P j ` M
and P j |= φi for all i ≥ 0.
B. Assumptions and Remarks

an

a1

2) For all may transitions p −→^ p1 , . . . , p −→^ pn in
M, step 1) needs to be ‘copied’ for all possible
combinations to solve optionality, by adding must
transitions. Hence, for each Act ⊆ {a1 , . . . , an }:
a) replace L in the working set L by the copies
LAct ;
b) replace all derivation steps derive(M, p, L, q)
that involve L, for some M, p, and q, in
the set D of derivation steps by the copies
derive(M, p, LAct , q);
aj
c) for each may transition p −→^ p j in M, for some
1 ≤ j ≤ n, which is such that a j ∈ Act:

We assume that the formulae in Φ express only alternative,
excludes and requires constraints in the form of the MHML
template formulae ALT, EXC, and REQ obtained as generalizations of the properties A, B, and C provided in Sect. IV-B.
We denote by ΦREQ all formulae of type REQ and by Φ0ALT
the premises of all formulae of type ALT (i.e. the part that
requires the presence of one of the alternative features).
For simplicity, whenever we refer to “a may transition
a
p→
− ^ q”, we do not intend to include may transitions which
are also must transitions (recall from Def. 3 that δ ⊆ δ^ ).
Hence, we intend only transitions belonging to the transition
relation δ^ \ δ (i.e. those drawn as dashed arcs in figures).

aj

The precise definition of the derivation steps is given next.

i) if p j = p, add a must transition q −→ q to LAct ;
ii) if state p j was visited before, either in some
derivation step derive(M, p0 , L, q0 ) or when
b
b
handling some transition p →
− ^ p j or p →
−  pj
in the current derivation step, add a must
aj
transition q −→ q0 to LAct ;
iii) else, add a new state q0 and a must transition
aj
q −→ q0 to LAct , and add the derivation step
derive(M, p j , LAct , q0 ) to D;
d) for each formula φ ∈ Φ\ΦREQ in which an action
from Act occurs, verify whether or not LAct |= φ.
If LAct 6|= φ, remove LAct from the working set
L and remove all derive(M, p, LAct , q), for some
M, p, and q, from D.
When no more derivation step of D can be applied, the algorithm verifies whether ∀L ∈ L, φ ∈ ΦREQ ∪ Φ0ALT : L |= φ. If
∃ L ∈ L, φ ∈ ΦREQ ∪ Φ0ALT : L 6|= φ, this L is removed from
L. The resulting L is the set P of valid products of M.

D. Derivation Algorithm

E. Correctness and Complexity

The algorithm starts with M and Φ as defined in Sect.
VI-A, a set D of derivation steps which initially contains
only derive(M, q, L, q), with L consisting only of the initial
state q of M, and a working set L = {L}. The algorithm
then applies derivation steps from D as long as it can do so.
A derivation step derive(M, p, L, q) is defined as follows.

An aspect that is currently not taken into account at the
end of the algorithm is the deletion of LTSs that have no
outgoing transitions from their initial states. We conclude
from the example prior to the algorithm that such LTSs
might result (in this example it is consequently deleted
due to the MHML formulae for Property A, but this is of
course purely circumstantial). In this regard, a question that
deserves a more thorough examination is whether LTSs that
reach a depth that is less than that reached by the original
MTS are to be considered valid products or not. If not, then
such undesired LTSs should be deleted in a final step.
The algorithm avoids a full exponential unfolding by applying the following method of reduction during derivation.

C. Derivation Step
A derivation step derive(M, p, L, q) can be applied to a
state p of the MTS M and a state q of a (partially developed)
LTS L of a working set L of intermediate LTSs. Initially, q
is a leaf state (i.e. with no outgoing transition) not visited
before. Possible effects of applying derive(M, p, L, q) are:
1) add must transitions to L from q to newly created states;
2) add must transitions to L from q to states visited before;
3) replace L in L by copies of L, which differ from
L only w.r.t. the outgoing transitions from q due to
the application of one of the previous two points, and
replace derivation steps in D involving L accordingly;
4) mark q as visited before, due to the application of one
of the previous three points;
5) update the set D of derivation steps to be performed
next by the algorithm.

a

1) For each must transition p →
−  p0 in M:
a

a) if p0 = p, add a must transition q →
−  q to L;
b) if state p0 was visited before, either in some derivation step derive(M, p0 , L, q0 ) or when handling
b
some transition p →
−  p0 in the current derivation
a
step, add a must transition q →
−  q0 to L;
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Constraints are applied as early as possible to cut undesired
products. Some violations of constraints are detected early
when the involved may transitions are all found in a certain
state, but in general constraints relate transitions from separate states and can therefore halt exponential unfolding only
when the algorithm comes across the last involved (may or
must) transition. In case of the requires constraint, the righthand side of the MHML template formula REQ (EF hai true)
implies that this formula may only be used to cut undesired
final products and not to cut intermediate products. This is
because formulae of this type (based on the EF operator)
may be invalid over an intermediate LTS, but valid over an
LTS derived from the same MTS once fully unfolded.
In the future, we intend to extend this algorithm to allow
also additional temporal ordering constraints (expressed in
MHML) to be verified while deriving valid products.

solved, is the definition of design and verification techniques
and tools that, based on the principles expressed in this
paper, but hiding most of the formality, can be routinely
used by product line engineers. Ideally, engineers should be
able to use high-level languages hiding all semantic details.
This requires, among many other issues, a thorough investigation of the relation between features and actions when
translating feature models into transition systems. Engineers
should moreover be able to use a predefined taxonomy
for properties specified in MHML (like the specification
patterns repository for LTL, (A)CTL, etc. [17]), containing
more template formulae than those presented in the previous
section, allowing them to select an appropriate predefined
property and model check it over the product (family)
of interest. Another important issue is to study how our
approach scales up to large, industrial-size product families
with many variation points and many features.

VII. C  F W

A

In this paper, we continue the research initiated in [3]–[5].
In particular, we illustrate how to derive valid products from
a product family by managing variability in a single logical
framework consisting of an MTS and an associated set of
MHML formulae. This framework can also be used to verify
behavioural properties over products and families. Moreover, we outline some commonalities and differences with
the framework of Classen et al. based on FTSs [14], [15].
We conclude that both frameworks are able to express
families of products considering notions of variability commonly addressed in product line engineering. In both cases,
the formal family description requires the following two
ingredients, which cannot be expressed in a single notation:
1) a transition system, expressing product behaviour as
well as some variation points;
2) further variability constraints, expressed separately by a
feature diagram in the FTS-based framework, and by a
set of MHML formulae in the MTS-based framework.
We observe, however, that our framework based on MTSs
can actually be seen as a single formal framework, consisting of a logic (MHML) with its natural interpretation
structure (MTSs). The notion of product derivation is defined
inside this framework and logical formulae are used both
as constraints and as behavioural properties to be verified
for families and products alike. In the framework based on
FTSs, the expression and verification of properties requires
the introduction of a third ingredient, namely the logic.
Regarding the algorithms to derive the valid products from
a product family, we observe that in the framework based on
FTSs these are obtained by pruning transitions not involved
according to the feature diagram. In our algorithm, on the
other hand, an exponential explosion of possible products
after unfolding is effectively contained by locally applying
derivation steps that include the verification of constraints.
Several issues deserve further investigation, as suggested
in the previous sections. A major issue that remains un-
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