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Abstract. We study the generative power of hybrid CD grammar sys-
tems whose derivations are controlled by a graph, a hypothesis language 
or a generalized sequential machine. We relate them to the families of 
languages generated by matrix grammars with appearance checking. We 
thus characterise language families that lie in between that of the families 
of context-free and context-sensitive languages, which are of particular 
interest to linguists. In particular, we show that controlled hybrid CD 
grammar systems can generate the non-context-free features multiple 
agreements, crossed agreements and (re)duplication that occur in many 
natural languages. 
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1 Introduction 

Erzsébet Csuhaj-Varjú’s impressive legacy includes the introduction and devel-
opment of (cooperating/distributed) grammar systems to formalize the rela-
tions between the blackboard model of (cooperative) problem solving (by multi-
agent systems) known from Artificial Intelligence and formal languages [ 19, 21]. 
The cooperating agents are modelled as grammars that edit the blackboard by 
distributed rewriting of a sentential form taking turns. Their problem-solving 
strategy is regulated by derivation modes and the solutions are represented by 
terminal words. Since their introduction, grammar systems have been studied 
intensively, including well-motivated extensions like controlled and hybrid CD 
grammar systems, teams in CD grammar systems and combinations thereof 
[ 4, 5, 23, 24, 34, 37, 41, 42, 44, 45]. 

In this paper, we report on the generative power of several kinds of controlled 
hybrid CD grammar systems, in particular their relations with the family of lan-
guages generated by matrix grammars with appearance checking. The reason 
is that the generative power of this family is known to lie in between that of 
the family of languages generated by context-free grammars and that of the one 
generated by context-sensitive grammars, which has been a sweet spot of par-
ticular interest to linguists for many decades. Since 1959, Chomsky has inspired 
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many linguists and theoretical computer scientists to wonder about the position 
of natural languages in what is now known as the Chomsky hierarchy [ 18]: 

“the main problem of immediate relevance to the theory of language is that 
of determining where in the hierarchy of devices the grammars of natural 
languages lie.” 

While the exact position remains to be settled, linguists have narrowed it down 
since they apparently agree that many natural languages contain non-context-
free constructions [ 51] while at the same time the generative power of context-
sensitive grammars is too computationally expensive to parse [ 33]. The three 
basic features that occur in natural languages like English [ 35], Dutch [ 36], Swiss 
German [ 17], Mali’s lingua franca Bambara [ 22] and  Chinese [  46] are so-called 
multiple agreements, crossed agreements and (re)duplication [ 2, 27]. Languages 
with these three features can be generated by (controlled) (hybrid) CD grammar 
systems, as we will show in Examples 1, 2 (and 4) and  3, respectively. 

Outline. In Sect. 2, we define some basic notions from formal language theory, 
such as Chomsky grammars and matrix grammars, followed by the definition 
of CD grammar systems in Sect. 3. We then extend the latter to hybrid CD 
grammar systems in Sect. 4, to controlled CD grammar systems in Sect. 5 and 
to various types of controlled hybrid CD grammar systems in Sect. 6. Section 7 
presents the results obtained for the newly defined families of languages and 
positions them in the literature, followed by concluding remarks in Sect. 8. 

2 Preliminaries 

In this section, some prerequisites necessary for understanding the sequel are 
defined. For details and unexplained notions, the reader is referred to [ 48– 50] for  
formal languages in general and in particular for L systems [ 38, 47], regulated 
rewriting [ 25, 27] and grammar systems [ 20, 26]. 

The set of all non-empty strings over an alphabet V is denoted by V +; V ∗ if 
the empty string λ is included. The length of a string x is denoted by |x|; |λ| = 0. 
Set inclusion is denoted by ⊆, proper inclusion by ⊂ and set difference by \. 

A Chomsky grammar of type i (i ∈ {0, 1, 2, 3}) is a construct G = (N, T, P, S), 
where N is the set of nonterminals, T is the set of terminals, N ∩ T = ∅, S ∈ N 
is the axiom and P is a finite set of productions of the form i, defined as follows: 

(0) α → β, for  α, β ∈ (N ∪ T )∗ and |α|N ≥ 1, 
(1) w1Aw2 → w1xw2, for  w1, w2 ∈ (N ∪ T )∗, x ∈ (N ∪ T )+ and A ∈ N , 

and S → λ is allowed iff S does not occur in the right-hand side of any 
production, 

(2) A → x, for  A ∈ N and x ∈ (N ∪ T )∗, and  
(3) A → xB or A → x, for  A, B ∈ N and x ∈ T ∗. 

Moreover, two other well-known types of grammars G are used in the  sequel, de-
fined with a finite set of productions P of the form j, with  j ∈ {4, 5}, as follows:
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(4) A → x1Bx2 or A → x, for  A, B ∈ N and x, x1, x2 ∈ T ∗, and  
(5) A → x1Bx2 or A → x, for  A, B ∈ N and x, x1, x2 ∈ T ∗, and productions of 

the form S → x1A1x2A2 . . . xnAnxn+1 are allowed for Ai ∈ N , xi ∈ T ∗ and 
1 ≤ i ≤ n iff S does not appear in the right-hand side of any production. 

A string x directly derives a string y in G, denoted by x =⇒G y, iff  x = 
w1αw2, y = w1βw2 and α → β ∈ P , for  w1, w2 ∈ (N ∪ T )∗. This is also called 
a one-step derivation in G; consequently a k-step derivation (for k ≥ 0) in  G, 
denoted by =⇒k 

G, is defined for x, y ∈ (N ∪ T )∗ as x =⇒k 
G y iff there are words 

x0, x1, . . . , xk such that x = x0, y = xk and xi =⇒G xi+1, with  0 ≤ i ≤ k − 1. If  
G is clear from the context, it is omitted, writing only =⇒ and =⇒k, respectively. 
This applies to all definitions of derivation steps in the sequel. The transitive (and 
reflexive) closure of the one-step derivation is denoted by =⇒+ (=⇒∗). 

The language generated by G is denoted by L(G) and it is defined by:  

L(G) =  { w ∈ T ∗ | S =⇒∗ 
G w }. 

A word  w ∈ (N ∪ T )∗ is called a sentential form (terminal word if w ∈ T ∗) 
of G iff S =⇒∗ 

G w, so the language generated by G consists of all terminal words 
of G. 

A language is said to be of type i iff it is generated by a Chomsky grammar 
of type i, with  i ∈ {0, 1, 2, 3}. Type 0 grammars are also called phrase structure 
grammars and the family of type 0 languages is called recursively enumerable, 
denoted by RE . 

Type 1 grammars and language are also called context-sensitive and their 
family of languages is denoted by CS . A  non-contracting (or length-increasing, 
monotonous) grammar is a Chomsky grammar (N, T, P, S) such that the pro-
ductions in P are of the form α → β, for  α, β ∈ (N ∪ T )+ and |α| ≤ |β|, and  
S → λ is allowed iff S does not occur in the right-hand side of any production. 
Context-sensitive grammars and non-contracting grammars generate the same 
family of languages CS . 

Type 2 grammars and languages are also called context-free and their family 
of languages is denoted by CF . 

In the literature, type 3 grammars and languages are called right-linear. 
When in condition (3) above the requirement x ∈ T ∗ is replaced by x ∈ T , 
the definition of a simply regular grammar is obtained. Right-linear and simply 
regular grammars generate the same family of languages. In the sequel, gram-
mars in the sense of condition (3) will be considered and are called regular; their  
family of languages is denoted by REG . 

Furthermore, grammars and languages of type 4 (5) are called linear (met-
alinear) and their family of languages is denoted by LIN (MLIN ). 

Finally, a grammar is called λ-free if it does not contain any production 
α → λ, or if the  only  λ-production it contains is S → λ, with  S the axiom not 
appearing in the right-hand side of any production of the grammar. 

A generalized sequential machine (gsm) is a construct g = (K, I, O, s0, δ,H), 
where K is a finite non-empty set of states, I is the non-empty input alphabet,
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O is the non-empty output alphabet, s0 ∈ K is the initial state, H ⊆ K is the 
set of final states and δ is a finite set of productions of the form: 

siv → wsj , for si, sj ∈ K, v ∈ I and w ∈ O∗. 

Let ⇒∗ denote the transitive and reflexive closure of →. For a word v ∈ I+, let  

g(v) =  {w | s0v ⇒∗ wsz for some sz ∈ H}. 

Then we define a gsm mapping, for  a gsm  g and a language L over I, as follows: 

g(L) =  {z | z ∈ g(v) for some v ∈ L}. 

Without providing its definition, in the sequel we will also refer to the family 
of languages generated by ET0L systems (ET 0L) without using it in any con-
struction in the proofs. Definitions of this language family can be found in, e.g., 
[ 47, 48]. The family of languages that is used in the proofs is defined next. 

A matrix grammar (with appearance checking, ac for short) [ 1] is a construct 
G = (N, T, S, M, F ), where  N is the set of nonterminals, T is the set of terminals, 
S ∈ N is the axiom, M is a finite set of matrices of the form m : (r1, r2, . . . , rn), 
where ri : αi → βi are productions over N ∪ T and |αi|N ≥ 1, with  1 ≤ i ≤ n, 
and F is a set of occurrences of productions in M . For  w, w′ ∈ (N ∪ T )∗ and 
m : (α1 → β1,α2 → β2, . . . ,αn → βn) ∈ M it is said that w directly derives w′, 
written as: 

w =⇒ w′ iff there exist w0, w1, . . . , wn ∈ (N ∪ T )∗ such that 
w0 = w and wn = w′ and, for all 0 ≤ i ≤ n − 1, 

either wi−1 = w′
i−1αiw

′′
i−1 and wi = w′

i−1βiw
′′
i−1, 

for some w′
i−1, w

′′
i−1 ∈ (N ∪ T )∗, 

or the production αi → βi cannot be applied to wi−1, 
αi → βi ∈ F and wi = wi−1. 

If F = ∅, the matrix grammar is called without appearance checking and F is 
omitted from the construct. The language generated by G is L(G) =  { w ∈ T ∗ | 
S =⇒∗ w }, where  =⇒∗ denotes the reflexive and transitive closure of =⇒. 

The family of languages generated by matrix grammars with appearance 
checking with λ-free context-free productions of type 2 is denoted by MAT ac 
(MAT λ 

ac when not restricted to λ-free productions); MAT for matrix grammars 
without appearance checking. The following hierarchy, which includes the so-
called Chomsky hierarchy for Chomsky grammars, is well known: 

REG ⊂ LIN ⊂ MLIN  ⊂ CF ⊂ MAT ⊂ MAT ac ⊂ CS ⊂ MAT λ 
ac = RE. 

3 CD Grammar Systems 

Cooperating grammar systems were introduced in [ 40], the motivation coming 
from the theory of two-level grammars. Ten years later, they received renewed
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attention when a link with the notion of the blackboard model of problem solving 
from the theory of AI was established in [ 21], as described in the Introduction. 
A more general form was introduced in [ 19] and is presented next. 

Definition 1. A cooperating distributed grammar system, CD grammar system 
for short, is a construct Γ = (N, T, S, P1, P2, . . . , Pn), where  N is the set of 
nonterminals, T is the set of terminals, S ∈ N is the axiom and each Pi, with 
1 ≤ i ≤ n, is a finite set of productions over N ∪ T , called a  component of Γ . 

CD grammar systems rewrite differently than the grammars presented so far. 

Definition 2. Let Γ = (N, T, S, P1, P2, . . . , Pn) be a CD grammar system. Then 
Γ can rewrite according to one of the following five modes of derivation. For all 
modes, let x, y, z ∈ (N ∪ T )∗, k ≥ 1, 1 ≤ i ≤ n and =⇒"

Pi 
is used for the &-step 

derivation =⇒" as defined for a Chomsky grammar (N, T, S, Pi). 

≤ k This mode corresponds to at most k direct derivation steps in succession by 
some component Pi in the CD grammar system: 

x =⇒≤k 
Γ y iff there exists Pi such that x =⇒0 

Pi 
y or x =⇒k′

Pi 
y for some k′ ≤ k. 

= k This mode corresponds to exactly k direct derivation steps in succession by 
some component Pi in the CD grammar system: 

x =⇒=k 
Γ y iff there exists Pi such that x =⇒k 

Pi 
y. 

≥ k This mode corresponds to at least k direct derivation steps in succession by 
some component Pi in the CD grammar system: 

x =⇒≥k 
Γ y iff there exists Pi such that x =⇒k′

Pi 
y for some k′ ≥ k. 

∗ This mode corresponds to an arbitrary number of direct derivation steps in 
succession by some component Pi in the CD grammar system: 

x =⇒∗ 
Γ y iff there exists Pi such that x =⇒0 

Pi 
y or x =⇒k 

Pi 
y for some k. 

t This mode corresponds to maximal derivations by some component Pi in the 
CD grammar system (i.e., the component must rewrite the sentential form 
as long as it is able to): 

x =⇒t 
Γ y iff there exists Pi such that x =⇒∗ 

Pi 
y and no z such that y =⇒Pi z. 

The language generated by a CD grammar system depends on the mode of 
derivation according to which it rewrites. 

Definition 3. Let Γ = (N, T, S, P1, P2, . . . , Pn) be a CD grammar system. The 
language generated by Γ in derivation mode f , for  f ∈ {≤  k, = k, ≥k | k ≥ 1 }∪  
{∗, t}, is denoted by: 

Lf (Γ ) =  {z ∈ T ∗ | S =⇒f 
Γ w1 =⇒f 

Γ · · ·  =⇒f 
Γ wm = z, m ≥ 1}.
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The family of languages that is generated by CD grammar systems (N, T, S, 
P1, P2, . . . , Pm) with only λ-free context-free productions of type 2 in each Pj , 
working in derivation mode f , and  1 ≤ j ≤ m ≤ n, is denoted by CDn(f). 
Denote CD(f) =

⋃
n≥1 CDn(f ). 

This definition is illustrated by the following example. 

Example 1. Consider the CD grammar system 

Γ1 = ({S, A, B, A′, B′}, {a, b, c}, S, P1, P2, P3), 

where 
P1 = {S → AB, A′ → A, B′ → B}, 
P2 = {A → a4 A′b4 , B  → c4 B′} and 
P3 = {A → ab, B → c}. 

Suppose that this CD grammar system works in the maximal derivation mode t. 
Clearly, the first component to be applied is P1, resulting in AB. Then either 
component P3 is used, resulting in the terminal word abc, or  P2 is used. After 
using P2, the sentential form is a4 A′b4 c4 B′ and only P1 can be used, resulting in 
a4 Ab4 c4 B. Using  P2 and P1 iteratively, strings of the form ai Abi ci B are gener-
ated, where i mod  4 ≡ 0. This string can be rewritten into a terminal one by 
using P3 and hence the language generated by Γ1 operating in mode t is: 

Lt(Γ1) =  { an bn cn | n mod  4 ≡ 1, n  ≥ 1 }. 

This language is not a context-free language, thus demonstrating that CD 
grammar systems with context-free components are able to produce languages 
not in the context-free language class. 

In fact, concerning the generative power of CD grammar systems, we know 
from [ 19, 20] that for  f ∈ {  = k, ≥ k | k ≥ 2 }, k ≥ 1 and k′, k′′ ≥ 2, holds that: 

CF = CD(=1) = CD(≥1) = CD(∗) =  CD(≤ k) ⊂ (CD(= k′) ∩ CD(≥ k′′)), 
CF = CD1(f) ⊂ CD2(f) ⊆ CD3(f) ⊆ . . .  ⊆ CD(f) ⊆ MAT and 
CF = CD1(t) =  CD2(t) ⊂ CD3(t) =  CD(t) =  ET 0L. 

4 Hybrid CD Grammar Systems 

The idea of considering the agents of a multi-agent system to have different 
capabilities, formally modelled by allowing different modes of derivation to be 
associated with different components, was introduced into the model of CD gram-
mar systems in [ 42]. This has resulted in hybrid CD grammar systems [ 42, 43], 
a.k.a. externally hybrid CD grammar systems to distinguish them from inter-
nally hybrid CD grammar systems [ 29– 31]. In the latter, not only different com-
ponents may work according to different (classical) modes of derivation (e.g., in 
the ≤ k-mode a component has to perform at most k steps) but components may 
moreover work according to arbitrary Boolean combinations of classical modes 
of derivation (e.g., in the (t ∧ ≤  k)-mode a component has to perform as many 
derivation steps as possible, but at most k steps).
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Definition 4. A hybrid cooperating distributed (CD) grammar system is a con-
struct Γ = (N, T, S, (P1, f1), (P2, f2), . . . ,  (Pn, fn)), where  N is the set of non-
terminals, T is the set of terminals, S ∈ N is the axiom, P1, P2, . . . , Pn are the 
components as for usual CD grammar systems and fi ∈ {≤k, = k, ≥ k | k ≥ 1 }∪  
{∗, t} is the mode of derivation associated with the component Pi, with 1 ≤ i ≤ n. 
The language generated by Γ is: 

L(Γ ) ={ z ∈ T ∗ | S =⇒fi1 
Pi1 

wi1 =⇒fi2 
Pi2 

· · ·  =⇒fim 
Pim 

wim = z, 

1 ≤ ij ≤ n, 1 ≤ j ≤ m }. 

The family of languages that is generated by hybrid CD grammar systems 
(N, T, S, (P1, f1), (P2, f2), . . . ,  (Pm, fm)) with only λ-free context-free produc-
tions of type 2 in each Pj and 1 ≤ j ≤ m ≤ n, is denoted by HCDn. Denote 
HCD =

⋃
n≥1 HCDn. 

Also this definition is illustrated by an example. 

Example 2. Consider the hybrid CD grammar system 

Γ2 =({S, A, B, C, D, A′, B′, C ′,D′}, {a, b, c, d}, S,  
(P1, =1), (P2, =2), (P3, =2), (P4, t), (P5, =4)), 

where 
P1 = {S → ABCD}, 
P2 = {A → aA′, C  → cC ′}, 
P3 = {B → bB′,D  → dD′}, 
P4 = {A′ → A, B′ → B, C ′ → C, D′ → D} and 
P5 = {A → a, B → b, C → c, D → d}. 

Obviously, every successful derivation starts with the application of P1, thus  
generating ABCD. There are three possibilities to continue. When P5 is applied, 
the terminal word abcd is generated since P5 operates in mode =4. Otherwise,  
either P2 or P3 has to be used in mode  =2, resulting in aA′BcC ′D or AbB′CdD′, 
respectively. Then, in case P2 (P3) was used in the last step, the derivation can 
proceed with P3 (P2) or  P4. Using  P2 as well as P3, the only possibility to 
continue is by using P4. Hence, in all cases (basically only two different ones) 
there comes a time when P4 is used. This P4 works in mode t, which  makes  
it possible to remove the primes from only A and C or from only B and D 
or from all four of them, in all cases leaving no primed nonterminals and thus 
fulfil the stop condition of mode t. Consequently, this process can be iterated 
until eventually P5 is used to replace A, B, C and D and thus fulfilling the stop 
condition for mode =4. This explanation shows that the generated language is: 

L(Γ2) =  {an bm cn dm | m, n ≥ 1}.
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Like the language generated in Example 1, this language is non-context-free. 
Concerning the generative power of hybrid CD grammar systems, we 

know from the definitions and [ 42, 43] that for  f ∈ {≤  k, = k, ≥ k | k ≥ 1 } ∪  
{∗, t}, n′ ≥ 1 and n ≥ 4, holds that: 

CF =CD1(f)=  HCD1 ⊂HCD2 ⊆HCD3 ⊆HCD4 =HCDn =HCD ⊆MATac, 
ET 0L = CD3(t)⊆ HCD3, 

CD(f)⊆ HCD3, 
ET 0L⊂ HCD4 and 

CDn′(f)⊆ HCDn′ . 

Furthermore, in [ 42] it was shown that for each hybrid CD grammar system, an 
equivalent hybrid CD grammar system can be constructed that contains three 
components working in the t-mode and  one in the  = k-mode, for some k ≥ 1. 

For the generative devices mentioned so far, only the notation for λ-free 
context-free productions of type 2 was given. Here and in the sequel, however, 
when productions are of type X, for  X ∈ {REG , LIN , MLIN , CF , CS , RE}, a  
subscript X may be added to the notation; moreover, a superscript λ is added 
when not restricted to λ-free productions. 

Concerning the generative power of hybrid CD grammar systems with sub-
context-free productions, we know from [ 3, 5, 20, 42] that for  f ∈ {≤  k, = k, ≥ k | 
k ≥ 1 } ∪ {∗, t} holds that: 

REG = CDREG(f) =  HCDREG , 
LIN = CDLIN (f ) =  HCDLIN and 

MLIN = CDMLIN (f) =  HCDM LIN . 

5 Controlled CD Grammar Systems 

Apart from hybrid CD grammar systems, numerous other types of CD gram-
mar systems have been defined and investigated in the literature, among which 
grammar systems controlled by a directed graph, in which derivations are guided 
by paths in the graph (cf., e.g., [ 19, 24, 28, 34, 40]), or by a Petri net  (cf.  [  15]), 
which allow (vector controlled) concurrent rewriting, grammar systems whose 
sentential forms are put into a gsm before another derivation step can take place 
(cf., e.g., [ 41, 44]), and grammar systems whose sentential forms are compared to 
a (regular) hypothesis language, accepting only those sentential forms satisfying 
the format of the hypothesis language (cf., e.g., [ 23, 44]). 

We denote the above mentioned families of languages that are generated 
by CD grammar systems with graph control (GC), with a hypothesis lan-
guage (HL) and with a gsm (GSM), with only λ-free productions of type X, for  
X ∈ {REG , LIN , MLIN , CF , CS , RE}, and working in derivation mode f , for  
f ∈ {≤k, = k, ≥ k | k ≥ 1 } ∪ {∗, t}, by  YCDX(f), where  Y ∈ {GC , HL, GSM }. 
Typically, subscript X is omitted if x = CF .
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To put the results in this section in a proper perspective, we restate some 
results from [ 19, 23, 41] in the following lemma. 

Lemma 1. For k, k′ ≥ 1 and f ∈ {≤k, = k, ≥ k | k ≥ 1 } ∪ {∗, t} holds that: 

1. GCCDREG(=k) =  GCCD(≤k) =  GCCD(= k) =  MAT , 
GCCD(≥ k) =  GCCD(≥k′) ⊆ MAT and 
CF = GCCD(∗) ⊂ GCCDREG(t) =  GCCD(t) =  ET 0L, 

2. HLCD(f) =  CS and 
3. GSMCD(f) =  CS. 

It is not difficult to see that every (hybrid) CD grammar system is also a 
controlled (hybrid) CD grammar system. 

Lemma 2. For X ∈ {REG , LIN , MLIN , CF , CS , RE}, Y ∈ {GC , HL, GSM } 
and f ∈ {≤k, = k, ≥ k | k ≥ 1 } ∪ {∗, t} holds that: 

1. CDX(f) ⊆ YCDX(f ) and 
2. HCDX ⊆ YHCDX . 

Proof. The inclusions follow when the controlling devices impose no restriction. 
Thus for Y = GC , consider the complete graph Cn with n nodes. For Y = HL, 
consider the regular language R = (N ∪T )∗\T ∗. For  Y = GSM , finally, consider 
the gsm that does not translate but only copies the string it receives as input, 
i.e., g = ({s0}, N  ∪ T, N ∪ T, s0, {(s0x, xs0) | x ∈ (N ∪ T )}, {s0}). ./

6 Controlled Hybrid CD Grammar Systems 

In this section, we combine the ideas from the previous sections and investigate 
the generative power of controlled hybrid CD grammar systems. These results, 
most of them originally reported in the MSc thesis [ 3], have not been published 
before. Lemma 4 is new. 

6.1 Hybrid CD Grammar Systems with Static Control 

First the case of a graph as static control mechanism is considered. The control 
is called static, since the current state of the problem is not taken into consid-
eration. The notion of derivations controlled by a directed graph has already 
been presented in [ 19, 28, 40, 52] for Chomsky grammars, cooperating grammar 
systems, CD grammar systems and CD grammar systems with singleton compo-
nents (or, equivalently, graph-controlled grammars with derivation modes) work-
ing in classical modes or internally hybrid modes (i.e., arbitrary Boolean combi-
nations of classical modes, cf. Sect. 4). Results on graph controlled CD grammar 
systems with appearance checking and characterizations of graphs associated to 
specific language classes can be found in [ 24, 34].
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Definition 5. A hybrid CD grammar system with graph control is a construct 

Γ = (N, T, S, (P1, f1), (P2, f2), . . . ,  (Pn, Pn), U), 

where (N, T, S, (P1, f1), (P2, f2), . . . ,  (Pn, Pn)) is  a hybrid CD grammar system  
and U = (V, E) is a directed graph with set of nodes V and set of edges E, the 
n nodes of which are labelled by Pi, with 1 ≤ i ≤ n. 

For fi ∈ {≤  k, = k, ≥ k | k ≥ 1 }∪{∗, t} and 1 ≤ i ≤ n, the language generated 
by Γ and controlled by U is: 

LU (Γ ) ={ z ∈ T ∗ | S =⇒fi1 
Pi1 

wi1 =⇒fi2 
Pi2 

· · ·  =⇒fim 
Pim 

wim = z, 

(Pik , Pik+1) ∈ E, 1 ≤ ij ≤ n, 1 ≤ j ≤ m, 1 ≤ k ≤ m − 1 }. 

Note that the graph has exactly one node for each component labelled by 
the component. 

The family of languages that is generated by hybrid CD grammar systems 
with graph control (N, T, S, (P1, f1), (P2, f2), . . . ,  (Pm, fm), U) with only λ-free 
context-free productions of type 2 in each Pj and 1 ≤ j ≤ m ≤ n, is denoted by 
GCHCDn. Denote GCHCD =

⋃
n≥1 GCHCDn. 

The next example illustrates hybrid CD grammar systems with graph control. 

Example 3. Consider the hybrid CD grammar system with graph control 

Γ3 = ({S, A, B}, {a, b}, S,  (P1, t), (P2, =1), (P3, t), (P4, t), (P5, t), U  ), 

where 
P1 = {S → ABS, S → AB}, 
P2 = {A → a}, 
P3 = {B → bB′}, 
P4 = {B → b}, 
P5 = {B′ → B} and 

U is the following graph: 
P1 → P2 → P4

↗ ↓  
P5 ← P3 

Using P1 for i times results in the sentential form (AB)i, with  i ≥ 1. Then every  
time P2 changes one A into an a, the components P3 and P5 change all B’s 
into bB. This is repeated until there is only one A remaining in the sentential 
form, after which another path in the graph is taken to replace also this last A 
by a and consequently replacing all B’s by b, thus obtaining a terminal string. No 
terminal string can be obtained if the last A’s replacement by a is followed by 
replacing all B’s by bB′ since this would eventually require another application 
of P2 before yielding a terminal string, which is not possible due to the absence 
of A’s. It is thus clear that 

LU (Γ3) =  {(abn)n | n ≥ 1}.
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Hence already only one non-metalinear production and a simple graph suffice 
to generate a non-ET0L language. 

The proof of the next lemma makes use of the domain of a component P of 
a grammar system with set N of nonterminals, which is defined as dom(P ) =  
{ A ∈ N | A → x ∈ P }. 

Lemma 3. It holds that GCHCD ⊆ MAT ac and GCHCDλ ⊆ MAT λ 
ac. 

Proof. Consider a graph controlled hybrid CD grammar system 

Γ = (N, T, S, (P1, f1), (P2, f2), . . . ,  (Pn, fn), U). 

To simulate this hybrid CD grammar system with graph control, construct the 
following matrix grammar with appearance checking 

G′ = (N ′, T ′, S′,M ′, F ′), 

where 

N ′ = N ∪ {S′} ∪ {  [Pi, fi], [Pi, ≥ k]′ | (Pi, fi), (Pi, ≥ k) ∈ Γ, 1 ≤ i ≤ n }, 
T ′ = T ∪ {z}, 
M ′ = { (S′ → S[Pi, fi]) | fi ∈ {≤k, = k, ≥ k | k ≥ 1 } ∪ {∗, t}, 1 ≤ i ≤ n } ∪  

{ ([Pi, ≤ k] → [Pj , fj ], A1 → x1, A2 → x2, . . . , Ah → xh) | 
Ag → xg ∈ Pi, fj ∈ {≤  k, = k, ≥ k | k ≥ 1 } ∪ {∗, t}, 1 ≤ g ≤ h ≤ k, 
(Pi, Pj) ∈ E, 1 ≤ i, j ≤ n } ∪  

{ ([Pi, ≤ k] → [Pj , fj ]) | fj ∈ {≤  k, = k, ≥ k | k ≥ 1 } ∪ {∗, t}, 
1 ≤ i, j ≤ n } ∪  

{ ([Pi, = k] → [Pj , fj ], A1 → x1, A2 → x2, . . . , Ak → xk) | 
Ag → xg ∈ Pi, fj ∈ {≤  k, = k, ≥ k | k ≥ 1 } ∪ {∗, t}, 1 ≤ g ≤ k, 
(Pi, Pj) ∈ E, 1 ≤ i, j ≤ n } ∪  

{ ([Pi, ≥ k] → [P, ≥ k]′, A1 → x1, A2 → x2, . . . , Ak → xk) | 
Ag → xg ∈ Pi, 1 ≤ g ≤ k, 1 ≤ i ≤ n } ∪  

{ ([Pi, ≥ k]′ → [Pi, ≥ k]′, A  → x) | A → x ∈ Pi, 1 ≤ i ≤ n } ∪  
{ ([Pi, ≥ k]′ → [Pj , fj ]) | fj ∈ {≤  k, = k, ≥k | k ≥ 1 } ∪ {∗, t}, 
(Pi, Pj) ∈ E, 1 ≤ i, j ≤ n } ∪  

{ ([Pi, ∗] → [Pi, ∗], A  → x) | A → x ∈ Pi, 1 ≤ i ≤ n } ∪  
{ ([Pi, ∗] → [Pj , fj ]) | fj ∈ {≤k, = k, ≥ k | k ≥ 1 } ∪ {∗, t}, 
(Pi, Pj) ∈ E, 1 ≤ i, j ≤ n } ∪  

{ ([Pi, t] → [Pi, t], A  → x) | A → x ∈ Pi, 1 ≤ i ≤ n } ∪  
{ ([Pi, t] → [Pj , fj ], Ai1 → F, Ai2 → F, . . . , Aisi 

→ F ) | 
dom(Pi) =  {Ai1 , Ai2 , . . . , Aisi 

}, fj ∈ {≤  k, = k, ≥ k | k ≥ 1 } ∪ {∗, t}, 
(Pi, Pj) ∈ E, 1 ≤ i, j ≤ n } ∪  

{ ([Pi, fi] → z) | fi ∈ {≤  k, = k, ≥ k | k ≥ 1 } ∪ {∗, t}, 1 ≤ i ≤ n } and 
in F ′ are all the productions A → F appearing in M ′.
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The simulation starts with applying a production S′ → S[Pi, fi], where  S is 
the original axiom and [Pi, fi] a marker, indicating which component is being 
simulated and what its mode of derivation is. From S, the language of the graph 
controlled hybrid CD grammar system will be generated and the marker will 
control this generation. 

When  the mode is  ≤ k, indeed less than k times a production from the corre-
sponding component is used before handing over control to another component. 
Furthermore, this other component has to be connected to the current compo-
nent by an edge in the controlling graph. This test is done throughout the whole 
construction, before handing over control to another component. In the case of 
mode =k, exactly  k productions are used. For mode ≥k, first exactly  k produc-
tions are used, after which the primed version of [Pi, ≥ k] is used to hand over 
control to another component only after another zero or more rewriting steps. 

If  the mode is  ∗, an arbitrary number of productions is used before handing 
over control. Finally, in mode t the same construction is used to rewrite an 
arbitrary number of times. Moreover, the productions in the set F ′ guarantee 
that in this mode control can only be handed over to another component when 
no more production of the particular component can be used. In the case of 
mode ≤ k and ∗ the control can also directly be given to another component, 
corresponding to the case when the less than k or arbitrary number of rewriting 
steps is in fact zero. 

Eventually, the marker is replaced by z thus yielding L(G′) =  L(Γ ){z}. 
This z can be removed by a morphism and thus, since it is known (cf., e.g. [ 25]) 
that the family MAT ac is closed under restricted morphisms, L(Γ ) ∈ MAT ac 
and the first statement of the lemma is proved. 

The second statement of the lemma can be proved by a similar construction, 
even simplified since the marker can be replaced by λ instead of z, making the  
use of a morphism unnecessary. ./

Lemma 4. It holds that MAT ac ⊆ GCHCD and MAT λ 
ac ⊆ GCHCDλ . 

Proof. Consider a matrix grammar with appearance checking 

G = (N, T, S, M, F ). 

Denote M = {m1,m2, . . . ,mm}. Moreover, assume that any matrix mi, with  
1 ≤ i ≤ m, contains at most one production in F ; it is known (cf., e.g., [ 25]) 
that this is a normal form for matrix grammars. 

To simulate this matrix grammar with appearance checking, construct the 
following graph controlled hybrid CD grammar system 

Γ ′ = (N, T, S, (P1, f1), (P2, f2), . . . ,  (Pn, fn), U), 

such that (P1, f1), (P2, f2), . . . ,  (Pn, fn) contains the below components, for every 
matrix mi : (αi1 → βi1 ,αi2 → βi2 , . . . ,αi!i 

→ βi!i 
) ∈ M , with  1 ≤ i ≤ m, and  U 

is as below.
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If mi contains no production which is in F , then for all 1 ≤ j ≤ &i, we add  a  
component 

(Pij , =1), where Pij = {αij → βij}. 
Else, let αit → βit , for  some  1 ≤ t ≤ &i, be the production of mi which is in F . 
Then we add a component 

(P ′
it 
, t), where P ′

it 
= {αit → αit}. 

Moreover, U = (V, E), where  U and V are as follows, for every matrix mi : 
(αi1 → βi1 ,αi2 → βi2 , . . . ,αi!i 

→ βi!i 
) ∈ M , with  1 ≤ i ≤ m: 

V = { Pij | 1 ≤ j ≤ &i, 1 ≤ i ≤ m } ∪ {P ′
it 
| 1 ≤ t ≤ &i, 1 ≤ i ≤ m } and 

E = { (Pij , Pij+1) | 1 ≤ j ≤ &i, 1 ≤ i ≤ m } ∪ {  (Pi!i 
, Pk1) | 1 ≤ i, k ≤ m } ∪  

{ (Pit−1 , P
′
it 
), (P ′

it 
, Pit+1) | 1 ≤ t ≤ &i, 1 ≤ i ≤ m }. 

For every production in matrices of M , a component  Pij is constructed operating 
in mode =1. Additionally, for every production in F , an ‘appearance checking’ 
component P ′

it 
is constructed operating in mode t. The strict ordering of pro-

ductions in matrices of M is preserved by the graph. After all productions of 
a matrix have been used, a new matrix can be started by beginning with its 
first production. This is all imposed by the graph. Since the productions are put 
in different components following each other, it is clear that a production can 
rewrite nonterminals introduced by a production from the same matrix which 
precedes it in the ordering. 

The appearance checking works as follows. First assume that αit occurs in 
the sentential form. Then the production αit → βit of component Pit can be 
applied and matrix simulation can continue with component Pit+1 . However, 
P ′
it 

works in the t-mode and since αit is present, this component will continue 
working without ever obtaining a terminal string. 

Next assume that αit does not occur in the sentential form. Then the deriva-
tion cannot continue by applying component Pit , since it works in mode = 1, 
which is impossible. However, component P ′

it 
works in the t-mode, meaning that 

it can be applied zero times if the left-hand side of its production does not occur 
in the sentential form, and matrix simulation can continue with component Pit+1 . 
This shows that the appearance checking case is simulated correctly. 

It is thus clear that L(Γ ′) =  L(G) and that both statements of the lemma 
are now proved. ./

To put these results in perspective, the following results now hold, for f ∈ 
{≤  k, = k, ≥ k | k ≥ 1 } ∪ {∗, t} and k ≥ 1: 

CS = HLCD(f ) =  GSMCD(f) 

⊂
 

MATac = GCHCD ⊇ HCD 

⊂
 ⊃ 

MAT = GCCD[REG](= k) ET 0L = GCCD[REG](t) =  CD(t) 

⊂
 

⊂ 

CF = GCCD(∗) = CD(∗)
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Families which are not connected are not necessarily incomparable. The reported 
statements can be found in Sects. 2–5 and in Lemma  3 and 4, or are obvious. 

Note that hybridity strictly increases the generative power of graph controlled 
CD grammar systems, whereas it remains an open problem whether control by 
a graph strictly increases the generative power of hybrid CD grammar systems. 
A solution to this problem could shed light on the relation between hybrid CD 
grammar systems and matrix grammars, or perhaps even solve this open problem 
first stated in [ 43]. 

6.2 Hybrid CD Grammar Systems with Dynamic Control 

Next the case of a hypothesis (or target) language or a gsm as dynamic control 
mechanism is considered. This kind of control is called dynamic, since the current 
state of the problem is taken into consideration by assuming a hypothesis (target) 
language with which the sentential forms are compared during derivation, or a 
gsm that translates sentential forms during derivation. 

We first define hybrid CD grammar systems with a (regular) hypothesis lan-
guage. The notion of a hypothesis language (or the slightly different concept 
of regular restriction) to compare sentential forms with during derivation has 
already been introduced in [ 23, 32, 44] for context-free grammars, CD grammar 
systems and colonies, which is a subclass of CD grammar systems with compo-
nents generating finite languages (cf. [ 39] for a result on context-free grammars 
with a weak regular restriction). 

Definition 6. A hybrid CD grammar system with a (regular) hypothesis lan-
guage is a construct 

Γ = (N, T, S, (P1, f1), (P2, f2), . . . ,  (Pn, fn), R), 

where (N, T, S, (P1, f1), (P2, f2), . . . ,  (Pn, fn)) is a hybrid CD grammar system 
and R is a regular language in (N ∪ T )∗ \ T ∗. 

A derivation consists of accepted derivation steps, where a derivation step 
x =⇒fi 

Pi 
y, for  fi ∈ {≤  k, = k, ≥ k | k ≥ 1 } ∪ {∗, t} and 1 ≤ i ≤ n, is accepted iff 

y ∈ R or y ∈ T ∗. The language generated by Γ with hypothesis language R is: 

LR(Γ ) ={ z ∈ T ∗ | S =⇒fi1 
Pi1 

wi1 =⇒fi2 
Pi2 

· · ·  =⇒fim 
Pim 

wim = z, 

wik ∈ R, 1 ≤ ij ≤ n, 1 ≤ j ≤ m, 1 ≤ k ≤ m − 1 }. 

Note that no hypothesis is made about the final terminal string. The regu-
larity of the hypothesis language is motivated by the fact that the test for the 
condition y ∈ R can be done in linear time. 

The family of languages that is generated by hybrid CD grammar systems 
with a hypothesis language (N, T, S, (P1, f1), (P2, f2), . . . ,  (Pm, fm), R) with only 
λ-free context-free productions of type 2 in each Pj and 1 ≤ j ≤ m ≤ n, is  
denoted by HLHCDn. Denote HLHCD =

⋃
n≥1 HLHCDn.
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We now define hybrid CD grammar systems with a gsm. The notion of a gsm 
that translates sentential forms during derivation has already been introduced 
in [ 41, 44] for CD grammar systems and colonies. 

Definition 7. A hybrid CD grammar system with a gsm is a construct 

Γ = (N, T, S, (P1, f1), (P2, f2), . . . ,  (Pn, fn), g), 

where (N, T, S, (P1, f1), (P2, f2), . . . ,  (Pn, fn)) is  a hybrid CD grammar system  
and 

g = (K, N ∪ T, N ∪ T, s0, δ,H) 

is a gsm. 
For fi ∈ {≤  k, =k, ≥ k | k ≥ 1 }∪{∗, t} and 1 ≤ i ≤ n, the language generated 

by Γ with gsm g is: 

Lg(Γ ) ={ z ∈ T ∗ | S =⇒fi1 
Pi1 

wi1 =⇒ g(wi1) =⇒fi2 
Pi2 

wi2 =⇒ g(wi2) =⇒fi3 
Pi3 

· · ·  

· · ·  =⇒fim 
Pim 

wim = z, 1 ≤ ij ≤ n, 1 ≤ j ≤ m } 

The family of languages that is generated by hybrid CD grammar systems 
with a gsm (N, T, S, (P1, f1), (P2, f2), . . . ,  (Pm, fm), g) with only λ-free context-
free productions of type 2 in each Pj and 1 ≤ j ≤ m ≤ n, is denoted by 
GSMHCDn. Denote GSMHCD =

⋃
n≥1 GSMHCDn. 

The next example illustrates hybrid CD grammar systems with a gsm. 

Example 4. Consider the hybrid CD grammar system with a gsm 

Γ4 = ({S, A, B, C, D}, {a, b, c, d}, S,  (P1, =1), (P2, =2), (P3, =2), (P4, =4), g), 

where 

P1 = {S → abcd}, 
P2 = {A → aa, C → cc}, 
P3 = {B → bb, D → dd}, 
P4 = {A → a, B → b, C → c, D → d} and 
g = ({sa, sb, sc, sd, sz}, I, O, sa, δ,  {sz}), 

with I = O = {S, A, B, C, D, a, b, c, d} and 
δ = {saa → Asb, saA → Asb, sba → asb, sbb → Bsc, sbB → Bsc, 

scb → bsc, scc → Csd, scC → Csd, sdc → csd, sdd → Dsz, 
sdD → Dsz, szd → dsz}. 

Initially, only P1 can be used, resulting in the sentential form abcd. This compo-
nent can now never be used again. The gsm translates this string into ABCD. 
The gsm always translates the first a, b, c and d that it meets into A, B, C 
and D, respectively, if this particular nonterminal is not yet present in the sen-
tential form, meanwhile skipping specific intermediate terminals and nontermi-
nals. From ABCD, the derivation can be continued by using either P2, P3 or P4.
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Component P4 results in the terminal string abcd. Using  P2 (P3) leads  to  aaBccD 
(AbbCdd), which the gsm thus translates into AaBCcD (ABbCDd). Repeating 
this process, strings of the form Aai bj Cci dj or ai Bbj ci Ddj are translated into 
strings of the form Aai Bbj Cci Ddj , with  i ≥ 1 and j ≥ 0 (i ≥ 0 and j ≥ 1). 
Finally, component P4 can then be used (only after translation since it requires 
the presence of A, B, C and D in the sentential form) to obtain terminal strings of 
the form ai bj ci dj , with  i ≥ 1 and j ≥ 1. It is thus clear that 

Lg(Γ4) =  { an bm cn dm | m, n ≥ 1 }. 

Note that the gsm in the example is in fact a Mealy machine since it is 
deterministic and every production in the set δ has only one output letter. 
Hence already regular productions and a restricted gsm suffice to generate a 
non-context-free language. 

The following lemma leads to a result (cf. Theorem 1) that is not limited 
to hybrid CD grammar systems with control by a gsm, but that also holds for 
control by a hypothesis language. 

Lemma 5. It holds that GSMHCD ⊆ CS . 

Proof. Consider a hybrid CD grammar system with a gsm 

Γ = (N, T, S, (P1, f1), (P2, f2), . . . ,  (Pn, fn), g). 

Furthermore, let 

g = (S, I, O, s0, δ, F  ), where I = O = (N ∪ T ). 

To simulate this hybrid CD grammar system with a gsm, construct the following 
Chomsky grammar of type 1. 

G′ = (N ′, T ′, S′, P ′), 

where 

N ′ = N ∪ {S′, T, T ′, s0} ∪ {  [Ci, fi, j], [C ′
i, fi, j], [C ′′

i , fi, j] | (Pi, fi) ∈ Γ, 
fi ∈ {≤  k, =k, ≥ k | k ≥ 1 }, 1 ≤ i ≤ n, 0 ≤ j ≤ k } ∪  

{ [Ci, gi], [C ′
i, gi], [C ′′

i , gi] | (Pi, gi) ∈ Γ, gi ∈ {∗, t}, 1 ≤ i ≤ n } ∪  
{ Cti , C

′
ti 
| (Pi, t) ∈ Γ, 1 ≤ i ≤ n }, 

T ′ = T ∪ {L, R} and
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P ′ = {S′ → LTSR} ∪  
{ LT → L[Ci, fi, 0], LT  → L[Ci, gi] | fi ∈ {≤  k, =k, ≥ k | k ≥ 1 }, 
gi ∈ {∗, t}, 1 ≤ i ≤ n } ∪  

{ [Ci, fi, j]y → y[Ci, fi, j], [C ′
i, fi, j]y → y[C ′

i, fi, j], 
y[C ′′

i , fi, j] → [C ′′
i , fi, j]y | y ∈ (N ∪ T ), fi ∈ {≤k, = k, ≥ k | k ≥ 1 }, 

0 ≤ j ≤ k, 1 ≤ i ≤ n } ∪  
{ [Ci, gi]y → y[Ci, gi], [C ′

i, gi]y → y[C ′
i, gi], y[C ′′

i , gi] → [C ′′
i , gi]y | 

y ∈ (N ∪ T ), gi ∈ {∗, t}, 1 ≤ i ≤ n } ∪  
{ [Ci, fi, j]A → x[C ′

i, fi, j] | A → x ∈ Pi, fi ∈ {≤  k, =k, ≥ k | k ≥ 1 }, 
0 ≤ j ≤ k, 1 ≤ i ≤ n } ∪  

{ [Ci, gi]A → x[C ′
i, gi] | A → x ∈ Pi, gi ∈ {∗, t}, 1 ≤ i ≤ n } ∪  

{ [Ci, fi, j]R → [C ′′
i , fi, j]R | fi ∈ {≤  k, = k, ≥ k | k ≥ 1 }, 0 ≤ j ≤ k, 

1 ≤ i ≤ n } ∪  
{ [Ci, gi]R → [C ′′

i , gi]R | gi ∈ {∗, t}, 1 ≤ i ≤ n } ∪  
{ L[C ′′

i , fi, j] → L[Ci, fi, j  + 1]  | fi ∈ {≤k, = k, ≥ k | k ≥ 1 }, 
0 ≤ j ≤ k − 1, 1 ≤ i ≤ n } ∪  

{ L[C ′′
i , ≤ k, j] → Ls0 | 0 ≤ j ≤ k, 1 ≤ i ≤ n } ∪  

{ L[C ′′
i , = k, k] → Ls0 | 1 ≤ i ≤ n } ∪  

{ L[C ′′
i , ≥ k, k] → L[Ci, ≥ k, k], L[C ′′

i , ≥ k, k] → Ls0 | 1 ≤ i ≤ n } ∪  
{ L[C ′′

i , ∗] → L[Ci, ∗], L[C ′′
i , ∗] → Ls0 | 1 ≤ i ≤ n } ∪  

{ L[Ci, ∗] → Ls0 | 1 ≤ i ≤ n } ∪  
{ L[Ci, t] → LCti , L[C ′′

i , t] → LCti | 1 ≤ i ≤ n } ∪  
{ Cti y → yCti | y → x /∈ Pi, y  ∈ (N ∪ T )+ , x  ∈ (N ∪ T )∗, 1 ≤ i ≤ n } ∪  
{ Cti R → C ′

ti 
R, yC ′

ti 
→ C ′

ti 
y, LC ′

ti 
→ Ls0 | y ∈ (N ∪ T ), 1 ≤ i ≤ n } ∪  

{ s1x → ys2 | (s1x, ys2) ∈ δ } ∪ {  sR → TR  | s ∈ F } ∪  
{ yT → Ty  | y ∈ O } ∪ {LT → LT ′} ∪  
{T ′y → yT ′ | y ∈ T} ∪ {T ′R → R }. 

Note that G contains non-contracting productions; it is known (cf., e.g., [ 48, 50]) 
that these can be transformed into context-sensitive productions. 

The simulation starts by introducing the sentential form LTSR, where  S is 
the original axiom, T is a marker and L and R are terminal symbols indicating 
the left and right end, respectively, of the sentential form. From S, the language 
of the hybrid CD grammar system with a gsm will be generated and the marker is 
non-deterministically replaced by a control symbol [Ci, fi, j] or [Ci, gi] indicating 
the use of a component Pi working in mode fi ∈ {≤  k, = k, ≥ k | k ≥ 1 } or 
gi ∈ {∗, t}, respectively. In the case of a mode fi ∈ {≤  k, = k, ≥ k | k ≥ 1 }, a  
counter j, with  0 ≤ j ≤ k, is used; in the case of mode ∗ or t this is not necessary. 

The simulation continues by moving the control symbol to the right (skipping 
terminals and nonterminals) until a nonterminal is replaced by a production from
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the component Pi, consequently priming the control symbol. Then this primed 
version of the control symbol is moved completely to the right of the sentential 
from, where it becomes double primed and is moved completely to the left again. 
When it is completely on the left of the sentential form, some different cases 
need to be considered. 

In the case of mode ≤ k, = k or ≥ k (for a k ≥ 1) the counter is increased by 
one and the process is repeated. When exactly k productions of the component 
Pi are used (when j reaches the value k) and  the mode is  = k, the  control symbol  
is replaced by s0. In the case of mode ≤ k, this can happen for every value of j 
between zero and k. For  mode  ≥ k this production can be used when j is equal 
to k, but also another process guided by the initial control symbol with counter k 
can be started. This allows the use of a production more than k times, indeed 
corresponding to mode ≥ k, before replacing the control symbol by s0. 

In the case of mode ∗, the control symbol can be replaced by s0 after using Pi 
an arbitrary number of times indeed. The same holds for mode t, except that 
before introducing s0 a test is done to check if there is indeed no production left 
from Pi that can be used on the current sentential form. For this test, a test 
symbol Cti is introduced, indicating for which component (Pi) this test is done.  
This test symbol is moved from left to right over the sentential form, allowed to 
skip any terminals but only those nonterminals for which there is no production 
in component Pi being tested. When it reaches the right end, it is replaced by its 
primed version which is then moved completely to the left to be replaced by s0. 

In any mode, the result is the introduction of s0 to indicate the end of the 
work of the component. This s0 is the start symbol of the gsm. Next, the usage of 
the gsm is simulated on the sentential form remaining after using a component. 
It does its work as usual and when it reaches the right side of the sentential 
form in a final state, this final state symbol is replaced by the marker T again. 
This T is moved to the left, skipping only symbols from the output alphabet of 
the gsm, where it is replaced by T ′. Finally, this T ′ is moved completely to the 
right skipping only terminals before it disappears. 

From this detailed explanation it is clear that L(G′) =  {L}L(Γ ){R} and, 
since it is known (cf., e.g., [ 50]) that the family CS is closed under cancellation 
of first and last letter, L(G′) ∈ CS, and the lemma is thus proved. ./

This lemma leads to the final result of this paper, presented in below theorem. 

Theorem 1. For f ∈ {≤  k, = k, ≥ k | k ≥ 1 } ∪ {∗, t} holds that: 

CS = HLCD(f) =  HLHCD = GSMHCD . 

Proof. The first equality can be found in Lemma 1(2). Furthermore, the inclusion 
HLCD(f ) ⊆ HLHCD is obvious. It is also clear that a gsm can check whether 
a given input string is in a regular language; it can thus play the role of a 
hypothesis language and hence HLHCD ⊆ GSMHCD holds. Finally, Lemma 5 
finishes the proof of this theorem. ./
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7 Results 

To put the results of this paper in a proper perspective, the following diagram 
now holds, for f ∈ {≤  k, = k, ≥ k | k ≥ 1 } ∪ {∗, t} and k ≥ 1, where families 
which are not connected are not necessarily incomparable and [REG ] means that 
the result holds with or without the restriction to regular productions of type 3: 

RE = MAT λ 
ac 

⊂
 

CS = HLCD(f) =  GSMCD(f) =  HLHCD = GSMHCD 

⊂
 

MATac = GCHCD ⊇ HCD 

⊂
 ⊃ 

MAT = GCCD[REG](= k) ET 0L = CD(t) =  GCCD[REG](t) 

⊂
 

⊂
 

CF = CD(=1) = CD(≥1) = CD(≤ k) =  CD(∗) =  GCCD(∗) 

⊂
 

MLIN = CDMLIN (f) =  HCDMLIN 

⊂
 

LIN = CDLIN (f) =  HCDLIN 

⊂
 

REG = CDREG(f) =  HCDREG 

8 Conclusion 

We have characterised the generative power of several types of hybrid CD gram-
mar systems with controlled derivations, by relating them to the families of lan-
guages generated by matrix grammars with appearance checking and by context-
sensitive grammars. In particular, due to the new Lemma 4, we now know that 
hybridity strictly increases the generative power of graph controlled CD gram-
mar systems. However, it remains an open problem whether control by a graph 
strictly increases the generative power of hybrid CD grammar systems. 

Moreover, we have shown that such formal languages can generate the non-
context-free constructs known as multiple agreements, crossed agreements and 
(re)duplication, which linguists have identified as features of natural languages. 
In particular, graph controlled hybrid CD grammar systems can generate these 
non-context-free features. This is important, since their generative power is 
shown to be strictly less than that of context-sensitive grammars, which are 
known to be too computationally expensive to parse. 
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