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Abstract

This master’s thesis consists of four parts. Part I is an introduction into the field
of research of this thesis. The history and motivation of the theory of grammar
systems is presented and an informal introduction of the notion of teams is given.
In contrast to classical formal language theory, which considers one grammar
producing one language, a grammar system is a set of grammars, cooperating in
a specified way, still producing one language.

After the introduction, Part II contains the prerequisites necessary for under-
standing this thesis. These are organized in such a way as to allow the reader to
skip sections which would not extend his knowledge. The formal definitions of
grammar systems can be found here as well.

In Part III, the forming of teams in grammar systems is studied. A team is
formed from a finite number of components (sets of productions) and in every
derivation step, one production from each component is used to rewrite a symbol
of the sentential form. Hence rewriting is done in parallel. Several derivation
modes are considered, varying from using a team exactly one time to using it
a maximal amount of times. The possibility of different teams having different
modes of derivation is defined as well, as is a weaker restriction on the application
of a team. The power of all such mechanisms is investigated exhaustively and in
many cases the forming of teams enlarges the generative power of the underly-
ing grammar systems. Finally, some variations with mechanisms controlling the
derivations are defined and also their generative power is investigated.

In Part IV, finally, an enhanced grammar system, called an eco-grammar
system, is studied. These systems were introduced by motivations coming from
Artificial Life and (thus) consist of an environment in the form of a Linden-
mayer system and agents working on this environment by context-free produc-
tions. Their application in Artificial Life is shortly discussed, but attention is
focused on their language generative capacity. Several different ways of forming
teams of agents, with different L systems for the environment, are introduced to
mirror the investigations in Part III. Also in this case the forming of teams is
found to increase the generative power of the underlying systems.
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Part 1
Introduction

A new direction in the theory of formal languages is that of grammar systems.
To begin this introduction with, the history and motivation of grammar systems
is explained. This theory of grammar systems has already resulted in the mono-
graph [CDKP 94a|, which contains an exhaustive survey of the state of the art
in the area until ca. 1992.

When agents are unable to tackle a complex problem, or to perform a certain
specific task, due to limited capabilities, it seems natural to try to tackle the
problem, or perform the task, by more than one agent. This results in a multi-
agent system. In the theory of Artificial Intelligence (Al), two basically different
approaches are known.

Decentralized AI deals with the study of multi-agent systems of autonomous
agents, i.e. communication between agents is minimalized and there is no central
representation of the achievements of agents. Each autonomous agent exists in
its own right, performing its own tasks, possibly cooperating with other agents.

Distributed AI, on the other hand, deals with multi-agent systems consisting
of a group of agents that cooperate to reach a certain goal, making mutual sharing
of information a necessity. These agents are fit into a larger system on the basis
of a strategy under which cooperation is distributed in the architecture of the
multi-agent system. The theory of grammar systems is evolved around this idea.

So-called blackboard systems are an example of the usage of multi-agent sys-
tems in Al as a way to achieve a goal which agents are unable to manage by
themselves. The multi-agent system tries to reach the goal by distributed and
cooperating agents. For details of blackboard systems, the reader is referred to
[Nii 86] and [Nii 89].

Within this theory, the blackboard model of problem solving is specified along
the following lines. The model consists of the following three parts.

e The knowledge sources, needed to solve the given problem.
e The blackboard, representing the current state of the problem solving.
e The strategy, regulating the order in which the knowledge sources work.

The blackboard model of problem solving starts with the given problem specified
on the blackboard. The knowledge sources try to contribute to solve the problem
by changing the current state of the blackboard. During the problem solving, the
only way in which the knowledge sources can communicate with each other is by
using the blackboard. Finally, in the case of successful cooperation to achieve
the solution, this solution appears on the blackboard.



The link between this blackboard model of problem solving and formal lan-
guages was established in [CK 89]. The knowledge sources correspond to gram-
mars, changing the current state of the blackboard corresponds to rewriting the
sentential form, the strategy is regulated by so-called derivation modes and the
solution is represented by a terminal word.

In [CD 90], cooperating distributed grammar systems, CD grammars systems
for short, have been introduced as a formal realisation of this link. Sets of produc-
tions, called components, are used by picking one of its productions and rewriting
the sentential form. However, there’s a derivation mode (associated to the sys-
tem) to be obeyed. A derivation mode specifies how many times this picking
occurs, before using another component to continue. It can be precisely (at least,
at most) a (positive) natural number, or an arbitrary amount of times, or as long
as it can still rewrite the string. The latter one will turn out to be by far the
most interesting and powerful.

These systems have been investigated intensively. Moreover, they have initi-
ated the development of a theory which became known as the theory of grammar
systems. A formal definition of this and of many other notions introduced in this
Introduction can be found in Part II, the Prerequisites.

These CD grammar systems have only one mode of derivation associated to
the grammar system as a whole, according to which all components rewrite the
intermediate sentential forms. A more realistic approach to cooperation is to
consider the cooperating components to have different capabilities. Such het-
erogeneous grammar systems were introduced in in [Mit 93] and they are called
hybrid CD grammar systems. In those systems, a mode of derivation is associated
not to the whole system, but to every component separately.

For readers interested in even more variants of (sequential) grammar systems,
a survey is presented in Appendix A. Moreover, it is necessary to mention that
next to the grammar systems that work sequential, also grammar systems that
work in parallel have been defined and investigated. This has been done exhaus-
tively enough to state that the theory of grammar systems consists of two main
subfields. An informal definition of these parallel communicating grammar sys-
tems, PC grammars systems for short, can be found in Appendix B, along with
references into this presently very popular research field.

Next to the above grammar systems that were motivated by the multi-agent
systems originating from the theory of Al, also grammar systems whose intro-
duction was motivated by Artificial Life (AL) were introduced. Whereas AI "has
focused primarily on the production of intelligent solutions rather than on the
production of intelligent behaviour”, AL is the study of ”man-made systems that
exhibit behaviours characteristic of natural living systems” and ”is not concerned
with building systems that reach some sort of solution” ([Lang 89]).

4



In AL, a special multi-agent system, called an ecosystem is considered quite an
important paradigm. Such an ecosystem can be modelled by a special grammar
system, called an eco-grammar system ([CKKP 93]). An eco-grammar system is
based on the following postulates which are formulated according to the properties
for AL suggested in [Fd’A 91].

(1) An ecosystem consists of an environment and a set of agents. Both the state
of the environment and the states of the agents are described by strings of
symbols of given alphabets.

(2) In an ecosystem there is a universal clock which marks time units. These
are the same for all agents as well as for the environment, according to
which the evolution of the agents and of the environment takes place.

(3) Both the environment and the agents have characteristic evolution rules,
which are rules of L systems and are thus applied in parallel to all the
symbols describing the states of the agents and the environment. One such
a rewriting step is done in each time unit.

(4) The evolution rules of the environment are independent of the agents and
of the state of the environment itself. The evolution rules of the agents,
however, depend on the state of the environment.

(5) The agents act on the environment according to action rules, which are
pure rewriting rules used sequentially. In each time unit, each agent uses
one action rule, which is chosen from a set depending on the current state
of the agent.

(6) These actions have priority over the evolution of the environment. In each
time unit, exactly those symbols of the environment which are not affected
by the actions are rewritten, in parallel, by evolution rules.

An eco-grammar system integrates some features of both main directions in
grammar systems, the CD grammar systems and the PC grammar systems.

One of the many variants listed in Appendix A is investigated in detail in
the sequel: the notion of teams in the theory of grammar systems. This notion
was introduced in [KMPS 95] and all the research in this thesis is concentrated
around teams. Before introducing any formal definition, one needs to answer the
question what a team is, or rather what it should be.

Everybody intuitively has an idea about what a team is: a group of elements
cooperating together to accomplish a certain task or to reach a certain goal. Teams
can be found in sport, sociology, society, to name but a few. However, the reason
why certain elements are part of the team and how a team works to reach a set
goal, may vary from team to team.



Thus How to form teams? is the first obvious question that needs to be
answered. Several ways shall be considered in the sequel, based on this and the
following questions. Are teams formed once and then remain the same throughout
the process (static) or can they vary from time to time (dynamic)? What is their
size? How do they cooperate together, are different teams allowed to work in
different ways (according to different strategies) or not?

Also in the theory of formal languages, the concept of a team is not a new
one. One may consider a scattered context rule as a team of productions. Its
associated strategy is to rewrite all left-hand sides in parallel, even keeping the
order of the left-hand sides from left to right if the scattered context grammar is
not unordered. Also the matrices in matrix grammars can be seen as teams, albeit
with totally different strategies. These two language classes are equal but, in the
context-free case, larger than the underlying grammar without teams. Does the
same hold for grammar systems, hence Does the forming of teams enlarge the
generative power? This is the main question that will be answered in this thesis
and in many cases the answer will be yes.

Another important question is what happens with the part of the string that
is not affected by the rewriting of a team. Do the parts of the string not rewrit-
ten by a team remain the same or are they rewritten according to another set
of (complete) productions? This establishes the link between grammar systems
(for which the first case holds) and eco-grammar systems (for which the latter
case holds). Though originally motivated from AL, only eco-grammar systems as
generative devices will be considered in the sequel. For readers interested in the
usage of eco-grammar systems within the frame of AL, a survey in that direction
is presented in Appendix D.

The goal of this thesis is twofold. On the one hand, it provides a survey of
the theory of teams in grammar systems, while on the other hand it enriches the
theory where no research was done in order to shed light on the different ways
of defining teams. Due to the extent of this area, this goal has been limited to
the investigations of teams in CD grammar systems and eco-grammar systems.
Moreover, the main topic of interest has been to investigate the generative power
of teams in grammar systems. This is done extensively, for example the cases of
a restriction to other productions than context-free ones are investigated for the
first time for teams. Some directions for research not concerning the generative
power are suggested in the sequel, though, just as some direct consequences of
generative power results are mentioned.

The concept of teams is formally achieved in the theory of grammar systems
by treating sets of components as teams. But, as already implied by the ques-
tions stated above, this is about the only thing all coming definitions of teams in
grammar systems have in common.



How to form teams? Teams can be formed given a certain grammar system
or they can be a part of the definition of the grammar system. This distinction is
formally achieved by differentiating between prescribed and free teams. Further-
more, teams can be of variable size or a (positive) natural number, say s, can be
given such that the number of components of every team is exactly this constant
size s. In particular, when hybrid CD grammar systems are the basis, teams can
be formed by grouping all components by their mode of derivation. This latter
method as well as the use of prescribed teams means that the forming of teams
takes place automatically or is inherent to the grammar system, whereas in the
free case there are more possibilities to form teams.

A somewhat surprising result is the fact that whether the teams are of variable
size or of constant size, or whether they are free or prescribed, they all lead to the
same generative power, at least for the context-free case ([PR 94] and [FP 95]).
It remains an open problem, though, whether the automatic forming of teams
enhances the power of the underlying hybrid CD grammar systems.

Are teams formed once and then remain the same throughout the process (sta-
tic) or can they vary from time to time (dynamic)? In this thesis, only the static
variant is studied, but it is easy to come up with criteria deciding which teams
are formed and doing so in every step. For example, every component that can
rewrite a symbol of the current sentential form is put together in a team. Dy-
namic teams were already introduced in [MMS 94] and this topic has a lot of
promising possibilities for future research.

What s their size? Teams could be formed with a size restriction or, as
pointed out before, according to a constant, but they can also be completely
variable. Some other conditions, such as arbitrary but at least two, will be
considered briefly in the sequel.

It has already been proved that there are cases when teams of size two suf-
fice ([CP 93]). Adding to such normal-form-like results, it will be shown that
also restricting the size of the components leads to interesting consequences. For
example, though not for all cases, teams with components consisting of single
productions suffice. Much more research concerning restrictions, taking both the
size of teams and components in consideration, remains to be done.

How do they cooperate together, are different teams allowed to work in different
ways (according to different strategies) or not? Similar modes of derivation as
those for CD grammar systems have been introduced in the case of teams as
well, with the obvious modifications. For the maximal derivation mode, however,
three different variants have been introduced so far and what’s more: all of them
have been proved to be equal with respect to their generative power ([KMPS 95],
[PR 94] and [FP 95]).



Up to now, only one way of cooperation had been introduced in the literature:
a rewriting step of a team consists of choosing one production from every compo-
nent of the team and rewriting all these left-hand sides in parallel, according to
the derivation mode associated to the grammar system, a team being unable to
work if a component cannot rewrite any symbol of the current sentential form.

Two other ways are introduced in this thesis. The first way allows the mode
of derivation to vary from team to team, thus creating a heterogeneous situation
similar to that of the hybrid CD grammar systems. The second way allows a
form of appearance checking in the teams. Only those components of the team
that contain a production with a left-hand side that is present in the current
sentential form, must be used, others can be ignored.

The so-called hybrid teams of the first way are proved to be equivalent to the
homogeneous teams if those work in the maximal derivation mode. However,
these hybrid teams seem to be able to reduce the syntactic complexity, that is
to say there are cases when the amount of variables used can be reduced. A
wide open field for future research can be found in this direction of syntactic
complexity measures.

The so-called weak rewriting step of the second way leads to an equality with
the particular case of appearance checking called unconditional transfer. This
result has two direct interesting consequences. Firstly, already a prescribed team
CD grammar system with only one production per component, operating in this
weak rewriting step and one of the derivation modes =1, > 1, * or <k (for a
k > 1), can generate more than a CD grammar system operating in mode ¢ can.
Secondly, a proper inclusion exists for these systems between the case with and
without A-free productions.

More research in this direction might lead to the solving of the open problem
in formal language theory whether appearance checking is more powerful than
unconditional transfer.

Do the parts of the string not rewritten by a team remain the same or are
they rewritten according to another set of (complete) productions? This question
splits the thesis in two. In Part III, teams in CD grammar systems are the subject
while in Part IV prescribed teams in eco-grammar systems are introduced and
investigated. The forming of teams is introduced in a restricted variant of eco-
grammar systems, which was named simple eco-grammar systems ([CKKP 93]).

Part III starts with introducing the definitions concerning teams in CD gram-
mar systems, some of which have already been informally discussed above, illus-
trated with examples. Furthermore, three different possibilities of adding control
mechanisms are defined for the general case of prescribed team CD grammar sys-
tems with teams of variable size. These are a hypothesis language, a graph and
a generalized sequential machine.

Consequently, the generative power of these definitions is investigated. The



results are grouped according to the different cases that arose by answering the
above questions. Moreover, it will be shown that the control mechanisms are
incapable of enlarging the generative power of the underlying grammar systems
with teams. However, an advantage in syntactic complexity is conjectured and
thus a possibility for further research remains.

First the case of context-free productions is investigated. In this case (pre-
scribed) teams of constant or variable size, working in either of the three variants
of the so-called t-mode, enlarge the power of CD grammar systems to equal that of
the family of programmed grammars with appearance checking. For other modes
of derivation than the maximal rewriting strategy, still the power of programmed
grammars is reached, only limited to the ones without appearance checking.

In the case of CD grammar systems with prescribed teams of variable size
operating in the weak rewriting step, the generative capacity is equal to that
of the class of programmed grammars with unconditional transfer, for certain
derivation modes. This implies that these families and those of the prescribed
team CD grammar systems operating in the strong rewriting step and those
certain modes of derivation do not coincide.

Secondly, the case of restrictions to regular, linear or metalinear productions
is studied. For (hybrid) prescribed team CD grammar systems with teams of
constant size and only regular productions, the team forming enlarges their gen-
erative power beyond the class of regular languages to the class of regular simple
matrix grammars. Hence it extends also beyond the power of regular (hybrid)
CD grammar systems. The same holds in the case of a restriction to linear
productions.

In the case of teams of variable size, no more than the class of regular or linear
languages can be generated by (hybrid) prescribed team CD grammar systems
with only regular or linear productions, respectively. However, when restricted
to metalinear productions, the generative power of (hybrid) prescribed team CD
grammar systems extends beyond the class of metalinear languages. Moreover,
prescribed team CD grammar systems with this restriction to metalinear produc-
tions are already equal to the class of programmed grammars with the same re-
striction and appearance checking in the case of the maximal rewriting strategies.
For the other modes of derivation, the equalities hold only without appearance
checking.

Finally, there are some modes of derivation for which only one production
per component suffices in the case of prescribed team CD grammar systems with
only regular, linear, metalinear or context-free productions and teams of variable
size.

In Part IV simple eco-grammar system with prescribed teams are defined.
These systems are nothing more than Lindenmayer systems with teams and
therefore four different classes are defined, analogous to those of the Linden-
mayer systems (by adding extension and/or tables). Concerning the usage of the
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teams, two rewriting steps have been introduced, like in Part III. The difference
between weak and strong rewriting is investigated, where strong rewriting means
using a production from each component of the team. Once again, the similarity
with appearance checking and unconditional transfer, respectively, is obvious.

The forming of teams will be shown to strictly enlarge the generative power
of the underlying L systems in all cases. By the introduction of a normal form
for the most complex variant (the extended simple eco-grammar systems with
prescribed teams), working in the weak rewriting step, closure under several
closure operations is proved. This is shown to lead to an equality with the
recursively enumerable language class. This a surprising result since it gives a
different view on the relation between appearance checking and unconditional
transfer than was expected from Part III of the thesis.

Unfortunately, the power of the strong rewriting variant is not known to be
strictly weaker or equal, perhaps the most important open problem in this area.
Though a general picture of the generative power is given for all cases, many
relations are still only inclusions, not known to be proper or equalities. Infinitely
many possibilities thus remain for future research.

Especially interesting for future research is one of the most famous open prob-
lems in the theory of formal languages: Can the conjecture that the inclusion of
the family of languages generated by programmed grammars with unconditional
transfer in the family of languages generated by programmed grammars with ap-
pearance checking is proper be shown to hold? This thesis gives several new
angles into this problem, but does not provide the answer. In Part III as well
as in Part IV, open problems concerning the definitions in this thesis are stated
which, if answered, would result in the solving of this famous open problem.
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Part 11
Prerequisites of formal languages

The general aim of this part is to define and explain the prerequisites necessary
for this thesis, in a detailed way. If something remains unexplained, the reader is
referred to [Sal 73] for formal languages in general, [DP 89] for regulated rewriting
and [RS 80] for Lindenmayer systems. Several other references are given in the
coming sections as well.

1 Languages and operations

Denote by V' = {ay,as,...,a,} an alphabet; ay,as,...,a, are abstract symbols,
called letters. A finite sequence consisting of zero or more letters of V' is called
a word (or a string) over V. The empty word (a string consisting of zero letters)
is denoted by A. The set of all words over V' is denoted by V*; V' denotes the
set of all non-empty words. Every subset of V* is a language over V; L C V* is
called a A-free language if A\ ¢ L.

To differentiate properly between sets and multisets, a multiset (a set with the
possibility of multiple occurrences of the same elements) is denoted by listing its
elements embraced by a ( and a ). The notation for an empty set is the same as
for an empty multiset, namely (). Moreover, a set or multiset appears in a string
or in a sentential form iff all of its elements are part of the string. For a multiset
this means that an element which is listed x times in the multiset must have (at
least) x appearances in the string as well.

For two words w; and ws the concatenation (or product) of these words is
denoted by wyws. The n-fold product (n being a non-negative integer) of a word
w is denoted by w"; w® denotes the empty word. The length of a word w is
denoted by |w|. The number of occurrences of a symbol @ in a word w is denoted
by |wl|,. Moreover, for W C V and w € V* as usual

wlw = >_ [wla.

acW

Denote by alph(w) the set of symbols occurring in a word w, then for a language L
alph(L) = Uper, alph(w). In general, no distinction is made between the element
x and the singleton set {z}.

The concatenation of two languages Ly and L is denoted by L Ly = {wyws |
wy € Ly,wy € Lo}. Furthermore, denote language L° = {\}, L' = L'L (for
i > 0) and the *-Kleene closure (+-Kleene closure) by L* = UjsoL' (LT =
Ui>1LY). A language is called regular if it can be obtained from V U {\} by
using a finite number of applications of the operations union, concatenation and
x-Kleene closure.
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Consider a mapping s : V — 2V ie. s(a) CU* for alla € V, for V and U
two (possibly equal) alphabets and 2% the power set of the set X. Extend this
mapping to s : V* — 2U" by

s(A) = X and s(wywe) = s(wy)s(wy), for wy,wy € V™.

For a language L C V*, define

weL

This s is called a substitution from V into U. A substitution s is called A-free
if A ¢ s(a) for all @ € V. A homomorphism, sometimes also simply called a
morphism, is a substitution s such that s(a) consists of a single word for all
a € V. For a homomorphism h : V* — U*, the mapping h=' : U* — 2V defined
by

h™Hw) = {v e V*|h(v) =w}

is called an inverse homomorphism. If L C (V{\, ¢, c?,...,c"1})* for k > 1 and
¢ ¢ V and h is a homomorphism defined by h(c) = X and h(a) = a for a € V
then h is called a k-restricted homomorphism on L.

A family of languages L is said to be closed under an n-ary operation 7 if
7(Ly, Lo, ..., L,) € L for all languages Ly, Lo, ..., L, € L. A language family
is called an abstract family of languages, denoted by AFL, if it is closed under
union, concatenation, +-Kleene closure, A-free homomorphisms, inverse homo-
morphisms and intersections with regular languages. A family of languages closed
under all these operations except concatenation and +-Kleene closure is called a
semi-AFL. Furthermore, an AFL or a semi-AFL is called full if it is closed under
arbitrary homomorphisms.

The left quotient of a language L, by a language Ly is defined by

LZ\LI :{ZU | yxELla yEL2}7
similarly the right quotient of Li by L, is defined by
Ly/Ly ={z |zy € L1, y € Ly}.

The special cases of quotient by a singleton language, L, = {z}, are denoted
by d'.(L;) and d%(L,) and are called the left derivative and the right derivative,
respectively, of a language L; with respect to a string x. Every semi-AFL is
closed under left and right derivatives, while every full semi-AFL is closed under
left and right quotient by regular languages.

Finally, an important convention made in this thesis is the fact that whenever
in a proof a new symbol is introduced, it is considered to be distinct
from all previously introduced symbols.
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2 Grammars and automata

A Chomsky grammar of type-i (i € {0,1,2,3}) is a construct G = (N, T, P, S5),
where N and T are two disjoint alphabets, called the set of nonterminals and
the set of terminals, respectively, S € N is the aziom and P is a finite set of
productions of the form ¢ (i € {0,1,2,3}) as below.

(0) a — B, for a, p € (NUT)* and |a|nx > 1,

(1) wiAwy — wizws, for wi,wy € (NUT)*, x € (NUT)" and A € N.
S — A is allowed iff S does not appear in the right-hand side of any pro-
duction,

(2) A—x,for Ae Nand z € (NUT)* and
(3) A zBor A—x,for A/B€ N and z € T*.

Moreover, two other types of grammars will be used in the sequel, defined with
a production set of the form j (j € {iv,v}) as follows.

(iv) A— z1Bxyor A — x,for A)B € N and x,z1,25 € T* and

(v) A = x1Bxy or A — z, for A,B € N and z,x1,25 € T*. Productions of
the form S — 1 Aj29A5 .. .2, A2, are allowed for A; € N, x; € T* and
1 <12 < niff S does not appear in the right-hand side of any production.

A string x directly derives a string y in GG, denoted by © =>¢ v, iff £ = waws,,
y = wifws and o — [ € P for wy,wy € (N UT)*. This is also called a one-step
derivation in G; consequently a k-step derivation (for k£ > 0) in G, denoted by
=¥, is defined for z,y € (N UT)* as follows: x =¥ y iff there are words
X, X1,..., T such that x = xy, ¥y = xx and v; —=¢ vy, 0 < 1 < k — 1.
If G is clear from the context, it is omitted, thus writing only = and =",
respectively. This applies to all definitions of derivation steps in the sequel as
well. The transitive (and reflexive) closure of the one-step derivation is denoted
by =1 (=").

The language generated by G is denoted by L(G) and it is defined by

LG)={weT" | S = w}.

A word w € (N UT)* is called a sentential form (terminal word if w € T*) of G
ift S =, w. Hence the language generated by G consists of all terminal words
of G.

A language is said to be of type-i iff it is generated by a Chomsky gram-
mar of type-i (i € {0,1,2,3}). Type-0 grammars are said to be phrase structure
grammars and type-0 languages are called recursively enumerable; their family
of languages is denoted by RE. Type-1 grammars and languages are also called
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context-sensitive and their family of languages is denoted by C'S. Type-2 gram-
mars and languages are also called context-free and their family of languages is
denoted by C'F'. In the literature, type-3 grammars and languages are called right-
linear. When in condition (3) above the requirement x € T* is replaced by = € T,
the definition of a simply regular grammar is obtained. Right-linear and simply
regular grammars generate the same family of languages. In this thesis, gram-
mars in the sense of condition (3) above will be considered and are called regular;
their family of languages is denoted by REG. Grammars and languages of type
(iv) are called linear and their family of languages is denoted by LIN. Grammars
and languages of type (v) are called metalinear and their family of languages is
denoted by M LIN. Furthermore, the family of all finite languages is denoted by
FIN,ie. FIN = {L | L is a finite subset of V* for some alphabet V'}. Finally,
a grammar is called A-free if it does not contain any production @ — A, or if
the only A-production it does contain is S — A, S being the axiom and not ap-
pearing in the right-hand side of any production of the particular grammar. The
following proper hierarchy is well-known.

FIN C REGCLINCMLIN CCFcCCS CRE.

Notation 1 In the sequel, the notation for language generating devices will be
defined for X\-free productions of type-2 only. When those language generating
devices are used with a restriction other than type-2, a subscript REG, LIN,
MLIN, CS or RE is added; when \-productions are allowed, the superscript A
15 added.

A finite automaton is a construct A = (K, V, sq, f, H), where K is a finite non-
empty set of states, V is an alphabet, sy € K is the initial state, f : K x V — 2K
is the transition mappingand H C K is the set of final states. Such an automaton
recognizes a string r € V*, where x = y1yo---y, and y; € V for 1 < j < n, iff
there exist sy, S9,...,s, in K such that

s1 € f(so,y1), Sj1 € f(sj,yj41) for 1 <j<n-—1, s, € H.

The set of all strings recognized by A is denoted by L(A). The family of languages
recognized by finite automata is exactly the family of regular languages.

A generalized sequential machine (gsm) is a construct g = (K, 1,0, so,9, H),
where K is a finite non-empty set of states, I is the non-empty input alphabet,
O is the non-empty output alphabet, sy € K is the initial state, H C K is the set
of final states and 9 is a finite set of productions of the form

siv — ws; for s;,5;, € K, v € I and w € O,

Often the productions are written as tuples of the format (s,v,ws;). For a gsm
g and a word v € I, denote

g(v) ={w | sov =" ws, for some s, € H},
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where =* denotes the reflexive and transitive closure of — and for a language L
over [
g(L) ={z | z € g(v) for some v € L}.

(This mapping is called a gsm mapping.)

A gsm is called deterministic iff, for all s; € K and v € I, there exists at
most one production of the above format in 6. Moreover, whenever all words w
in those productions consist of one letter of O and the gsm is deterministic, it is
called a Mealy machine. Every AFL is closed under A-free gsm mappings, while
every full AFL is closed under gsm mappings.

3 Regulated rewriting

Many ways of enhancing Chomsky grammars by adding sophisticated mechanisms
to regulate the derivations have been introduced in the literature. Several of these
will be used in the sequel and they are defined next.

A matriz grammar with appearance checkingis a construct G=(N,T, S, M, F),
where NN is the set of nonterminals, 7" is the set of terminals and S € N is the
axiom, as in the case of Chomsky grammars, M is a finite set of matrices of the
form m : (ry,re,...,1,), where r; : o — [3; are productions over N U T and
lajy > 1,1 <i <nand F, finally, is a set of occurrences of productions in M. A
matrix grammar with appearance checking works as follows. For w,w' € (NUT)*
and m : (a; = f,a0 = fBo,...,q, — [,) € M it is said that w directly derives
w', written as

w = w' iff  there exist wy, wy,...,w, € (NUT)* such that
wo=w and w, =w and forall 0 <i<n—1
either w;_y = w_joyw!_; and w; = w,_, Fw;_,
for some w} |, w; ; € (NUT)*
or the production «; — (; cannot be applied to w;_1,
a; — G; € Fand w; = w;_;.

At any derivation step, the sentential form is rewritten by a matrix by using
one by one all of its productions in the order in which they appear in that matrix.
However, whenever a production cannot be applied and it is contained in F, it
may be passed over and the next production can be considered. This is the
only exception, in any other case the matrix cannot be applied. If ' = 0,
the matrix grammar is called a matriz grammar without appearance checking
and F' is omitted from the construct. Moreover, if F' contains all occurrences of
productions in M, the matrix grammar is called with unconditional transfer. The
language generated by G is

LG)={weT"|S=" w},
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where =* denotes the reflexive and transitive closure of =—.

The family of languages generated by matrix grammars with only \-free
context-free productions in M is denoted by M AT, in the case of grammars with
appearance checking; when grammars without appearance checking are consid-
ered the subscript ac is omitted and when grammars with unconditional transfer
are considered the subscript ac is replaced by ut.

In the following, a special case of matrix grammars is considered. A simple
matriz grammar of degree n, n > 1, is a construct G = (Ny, Ny, ..., N, T, S, M),
where N, Ny, ..., N, (sets of nonterminals) and T (the set of terminals) are
pairwise disjoint alphabets, S ¢ (U, NV; U T) is the start symbol and M is a
finite set of matrices, each of one of the following forms.

(a) (S — x), for x € T*,
(b) (S — A1Ay.. . A,), for A; € Nyand 1 <i<nor

(C) (A1 — IL'1,A2 — T, .. .,An — l’n), for Az € Ni; T; € (Nz UT)* and
|zi|n, = |oj]n; forall 1 <id,j <n.

A simple matrix grammar of degree n works as follows.
For w,w' € (U?_y N; UT U {S})* it is said that w directly derives w', written as

w=w iff w=Sand (S—uw')eM
or w=v A wveAswsy. .. v, Apw,, W = 01T WVToWs . . Uy TpWh,,
A €Ny, v, €T, wi,x; € (N;UT)", 1 <i<nand
(Ay = x1, Ay = 9,..., Ay — 1) € M.

The language generated by G is
L(G)={weT"|S =" w},

where =" denotes the reflexive and transitive closure of —.

A simple matrix grammar is called regular, right-linear, linear, context-free or
A-free iff the productions appearing in matrices of type (c) in M are all regular,
right-linear, linear, context-free or A-free, respectively. The family of languages
generated by A-free context-free simple matrix grammars of degree n, n > 1, is
denoted by SM(n). Regular simple matrix grammars are also called equal matrix
grammars. Furthermore, denote SM = {J,~; SM(n).

A programmed grammar is a construct G = (N,T,S, P), where N is the
set of nonterminals, T is the set of terminals, S € N is the axiom as in the
case of Chomsky grammars and P is a finite set of productions of the form
(r:a— B,0(r),p(r)), where r : @« — [ is a production over N U T, labelled
by r. Denote by Lab(P) = {r | (r: a — §,0(r),¢(r)) € P} the set of labels of
productions of G. Then o(r) C Lab(P) is called the success field of production r
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and ¢(r) C Lab(P) is called the failure field. A programmed grammar works as
follows. For (ry : @« — B,0(r1),¢(r1)) € P and w,w’ € (N UT)* it is said that w
directly derives w', written as

(w,ry) = (w',rp) ff  w=wiawy, w' =wfwyand ry € o(r)
or w=uw', a— 3 cannot be applied to w

and ry € p(ry).

At any derivation step, if a production can rewrite the current sentential form
it has to be applied and the next production to be executed has to be in the
success field of this production; if it cannot be applied, a production from its
failure field must be used next. If the failure fields are empty for all productions,
the programmed grammar is called without appearance checking; otherwise it is
called with appearance checking. Moreover, if the success field and the failure
field coincide for every labeled production, the programmed grammar is called
with unconditional transfer. The language generated by G is

LG)={weT" | (S 1) = (w1,r) = -+ = (ws,15) = (w,75),
s>1, w, € (NUT)*, r; € Lab(P), 0 < i < s}.

For technical reasons, it is assumed in the sequel that the success fields can
never be empty. In the original definition of programmed grammars in [Ros 69]
the success fields could be empty; the derivation coming to a halt in case the next
production should be selected from the empty set. This does not restrict any
results in the sequel, since it can be proved that for every programmed grammar
with empty success fields an equivalent one without empty success fields can be
constructed.

The family of languages generated by programmed grammars with only \-free
context-free productions in P is denoted by PR,. in the case of grammars with
appearance checking; when grammars without appearance checking are consid-
ered the subscript ac is omitted and when grammars with unconditional transfer
are considered the subscript ac is replaced by ut.

A scattered context grammar with appearance checking is a construct G =
(N,T,S, P, F), where N is the set of nonterminals, 7" is the set of terminals and
S € N is the axiom, as in the case of Chomsky grammars, P = {py, pa,...,pn} is
a finite set of rules (rules are of the form p; : (a1, g, ..., am;) = (B, B2y -+, Bmy),
where a; — f3; are productions over N UT) and F is a set of occurrences of
productions in P, 1 < i < n. A scattered context grammar with appearance
checking works as follows. For w,w’ € (NUT)* and 1 <i < n it is said that w
directly derives w’, written as
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w=w ff w=wie;weay, .. Wy Wy, W=w05wel, . Wiy i, Wi,
pi: (a17a27 e '7ap) - (517527' : '7511) € P; (ailaai27 e '7aim) 18
a subsequence of (o, @, ..., ), w € (NUT)*
and 1 <! <m+1
and «; in {aq, a9, ...,a,} and not in {a;,, @, ..., ®;, } implies
that o; does not appear in the sentential form between o;_; and
Q41 and a5 — ,8]' e F.

At any derivation step, a sentential form is rewritten by a rule p;, 1 <17 <n,
by using all the productions listed in it in parallel. Moreover, the symbols to
be rewritten have to appear in the same order in the sentential form as their
counterparts in the applied rule do. However, iff a production is contained in
F' and its left-hand side does not occur in the sentential form to be rewritten
between the appearances of the symbols to its immediate left and right in the
applied rule, it may be passed over. This is the only exception, in any other case
the rule cannot be applied. If F = (), the scattered context grammar is called
a scattered context grammar without appearance checking and F' is omitted from
the construct. The language generated by G is

LG) = {we T | S =" w),

where =" denotes the reflexive and transitive closure of =.

The family of languages generated by scattered context grammars with only
A-free context-free productions in P is denoted by SC,. in the case of gram-
mars with appearance checking; when grammars without appearance checking
are considered the subscript ac is omitted.

An unordered scattered context grammar with appearance checking is a con-
struct G = (N, T,S, P, F), where N is the set of nonterminals, T is the set of
terminals, S € N is the axiom, P is the finite set of finite sequences of produc-
tions and F'is a set of occurrences of productions in P, as in the case of scattered
context grammars with appearance checking. An unordered scattered context
grammar with appearance checking works as follows. For w,w’ € (N UT)* and
1 <i < nitis said that w directly derives w', written as

w=w' iff w=wio;wa, .. W, W1, W=w6;wels, . Wi, W1,
pi: (0[1,0[2, .. '7ap) — (517/827 .. '75])) € Pa (ailaaim v -aaim) is

a permutation of a subsequence of (ay, s, ..., ap),
w € (NUT) and 1 <l <m+1
and «; in {aq, a9,...,a,} and not in {a;,, @y, ..., @;, } implies that

«; is not contained in w and o; — 3; € F.

An unordered scattered context grammar with appearance checking thus
works in the same way as a scattered context grammar with appearance checking
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but without the ordering of the symbols to be replaced. The appearance checking
now results in skipping those productions of the rule to be applied which are in
F' and whose left-hand sides do not occur at all in the parts of the sentential
form that remain after choosing the symbols to be rewritten. Obviously, if F' = ()
the unordered scattered context grammar is called an unordered scattered context
grammar without appearance checking and F' is omitted from the construct. More-
over, if F' contains all occurrences of productions in P, the unordered scattered
context grammar is called with unconditional transfer. The language generated
by G is
LG)={weT"| S =" w},

where =* denotes the reflexive and transitive closure of =—-.

The family of languages generated by unordered scattered context grammars
with only A-free context-free productions in P is denoted by USC),. in the case of
grammars with appearance checking; when grammars without appearance check-
ing are considered the subscript ac is omitted and when grammars with uncon-
ditional transfer are considered the subscript ac is replaced by ut.

When, in any of the grammars above, no terminal alphabet is specified, a pure
grammar is definied. Its generated language then consists of all strings that can
be reached from the axiom. When pure grammars are considered, the notations
are started with a P.

It is known (see e.g. [DP 89], [GW 89], [HD 89], [HJ 94] and [Fer 95]) that
(the family EPTO0L will be defined shortly)

CF cUSC =PR=MAT c SC CCS c SC* =RE,
CF Cc USC* = PR* = MAT* c SC* = SC), = RE,
CF c EPTOL c USC,; = PR,; = MAT,, CUSC,. = PR,. = MAT,. C CS,
CF c EPTOL c USC,, = PR,, = MAT,, C USC), = PR}, = MAT), C RE,
CF CcUSC =PR=MAT Cc USC* = PR = MAT* C
USC? = PR) = MAT?, = SC? = RE and

CF cUSC = PR= MAT c USC,, = PR,. = MAT,, C

SCy. = CS C USC), = PR), = MAT). = SC). = RE.

4 Lindenmayer systems

A 0L system is a construct G = (X, 0,w), where ¥ is an alphabet, o is a finite
substitution from ¥ into ¥* and w € ¥ is the axiom. The language generated
by G is

L(G) = {o'(w) | i = 0}.
When ¢ is a morphism, the OL system is called a deterministic 0L system or a
DOL system since this means rewriting is deterministic. When o is A-free, the OL
system (DOL system) is called propagating or a POL system (PDOL system).
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An EOL system is a construct G = (3, A, 0,w), where A C ¥ is called the
terminal alphabet of G and U(G) = (X, 0,w) is a OL system, called the underlying
system of G'. The language generated by G is

L(G) = L(U(G)) N A*.

Like in the case of OL systems, an EDOL system, an EP0OL system and an EPDOL
system are defined in the obvious way.

A TOL system is a construct G = (X, S,w), where S is a finite set of finite
substitutions, called tables, such that for each such a substitution o € S, (3, 0, w)
is a OL system. The language generated by G is

LG)={z€eX | z=wVz=010y:0,(w), 01,09,...,0, € S}.

When the number of tables in a TOL system equals one, a OL system is obtained.
Hence a OL system can be considered a special case of a TOL system. Furthermore,
a DTOL system, an ETOL system, a PTOL system, an EDTOL system, a PDTOL
system, an EPTOL system and an EPDTOL system are defined in the obvious
way.

In Lindenmayer systems rewriting thus takes place in parallel and in each
step every symbol of the sentential form is rewritten, which differentiates these
L systems from all grammars introduced before. Quite often in the literature
and always in this thesis, substitutions in L systems are specified by productions.

Then, for instance,

a— A\ a—a® a—a®

is equivalent to
o(a) = {\ a* a®}.

The family of languages generated by 0L, POL, EOL, EPOL, TOL, PTOL, ETOL
and EPTOL systems is denoted by 0L, POL, EFOL, EPOL, TOL, PTOL, ETOL
and EPTOL, respectively.

It is known (see e.g. [Sal 73], [RS 80] and [Sal 95]) that

POL C 0L C TOL C PR,,,
CF c EPOL C EOL ¢ EPTOL C ETOL C PR,, C CS,
PDOL ¢ DOL ¢ EDOL,

PDOL ¢ EPDOL c EDOL,

DTOL ¢ EDTOL ¢ ETOL,

PDTOL ¢ DTOL c TOL c ETOL,

DTOL ¢ EDTOL,

PDTOL ¢ EPDTOL and

PDTOL c PTOL C TOL.
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In [RvS 78], ETOL systems were augmented with context conditions and pri-
orities. One of these systems will be used in this thesis and is defined next. An
ETOL system with local undirected multiset context conditions and priorities (an
[m,LU,p] KVETOL system) is a construct G = (V, T, P,w), where V' is the alpha-
bet, T is the terminal alphabet, w € VT is the string axiom and P is a finite set of
complete tables (for every symbol of the alphabet at least one production exists
in each table) of the form {(7y, c1,71), (T2, ¢2,72), -, (T, Cm, Tm) }, in which 7; is
a production of the form o« —  with o € V and 8 € V*, ¢; is a context condition
in the form of a multiset of symbols from the alphabet and r; € N is a priority,
1 <j<m. An [m,LU,p] KVETOL system works as follows. For a table H € P
of the form described above and w,w’ € V* it is said that w directly derives w’,
written as

w = w' iff w=AA4,... A, w'=aay...0, and for every 1 <i<n

either (A4; — a4, ¢;,1;) € H where ¢; appears in w and for every

U / U :
i, 7;) € H where ¢; appears in w,

other (A; — «;, ¢
ri > r; holds
or  there is no (4; — «j, ¢, r;) € H where ¢; appears in w and
then a; = A;.
The language generated by G is
LG)={zeT" |w=" 2z},

where =" denotes the reflexive and transitive closure of =.

An [m,LU,p] KVETOL system works only slightly different than an ETOL
system. Rewriting still takes place in parallel, but when applying a table a
production can only be applied when all symbols in its multiset appear somewhere
in the sentential form and there is no production with the same left-hand side
and a higher priority whose context condition is also satisfied.

The family of languages generated by [m,LU,p] KVETOL systems (with A-free
productions in every table in P) is denoted by [m, LU,p| KVETOL ([m, LU, p]
KVEPTOL) in the case of systems with local undirected multiset context con-
ditions and priorities; when local undirected set context conditions and priorities
are considered, the m in the construct is replaced by s. When all priorities are
equal, the p in either construct is replaced by n. In [RvS 78] it was proved that all
these variations result in an equality between the class of KVETOL (KVEPTOL)
systems and the class of programmed grammars with appearance checking (and
A-free productions).

5 Grammar systems

The notions of this section are used intensively throughout this thesis. Therefore,
they will be explained more detailed and illustrated with examples. For any
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unexplained notions, as well as for anything which is unclear, the reader is referred
to [CDKP 94a] and other references mentioned in the corresponding subsections.

5.1 Cooperating distributed grammar systems

Cooperating grammar systems were introduced already in [MR 78] and [MRV 78],
the motivation coming from the theory of two-level grammars. About ten years
later, cooperating grammar systems received more attention when the link be-
tween them and the notion of the blackboard model of problem solving from the
theory of Al was established in [CK 89], as described in the Introduction. A more
general form was introduced in [CD 90] and is presented next.

Definition 1 A cooperating distributed grammar system, CD grammar system
for short, is a construct T' = (N, T,S, P1, Py, ..., P,), where N is the set of non-
terminals, T is the set of terminals and S € N is the axiom as in the case of
Chomsky grammars and each P;, 1 < i < n, is a finite set of productions over
N UT, called a component of I

For the use in some proofs below, the domain of a (non-type-0 component)
component P; is defined by dom(P)) ={Ae N|A—z € P}, 1<i<n.

Rewriting in CD grammar systems is quite different from the hitherto intro-
duced ways.

Definition 2 Consider a CD grammar system ' = (N,T,S, Py, Py, ..., P,). Now
rewriting i I' can take place according to one of the following five modes of
derivation. For all modes, consider x,y,z € (NUT)*, k> 1,1 <1i < n and

:>lpi is used for the l-step derivation =" as defined for a Chomsky grammar
(N,T,S,P,).

(< k) This mode corresponds to at most k direct derivation steps in succession
by some component P; in the CD grammar system:

v =5y iff AP such that x =% y or x =% y for some K < k.

(= k) This mode corresponds to exactly k direct derivation steps in succession
by some component P; in the CD grammar system:

x ==7%y iff AP; such that x :>]f)i Y.

(> k) This mode corresponds to at least k direct derivation steps in succession
by some component P; in the CD grammar system:

=%y iff AP, such that © :>If;i y for some k' > k.
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(x) This mode corresponds to an arbitrary number of direct derivation steps in
succession by some component P; in the CD grammar system:

x =1y iff AP, such that x :>0Pi Yy orx :>’13i y for some k.

(t) This mode corresponds to maximal derivations by some component P; in the
CD grammar system (the component must rewrite the sentential form as
long as it is able to):

v =Ly iff AP; such that x =1 y and there is no z such that y = p, z.

The language generated by a CD grammar system depends on the mode of
derivation according to which it rewrites.

Definition 3 Consider a CD grammar system T' = (N, T, S, P, Py, ..., P,). The
language generated by T in derivation mode f, for f € {x,t} U{<k,=k >k |
k > 1}, is denoted by

LiD)={zeT"|S=fw, =] =] w,=2 m>1}.

The family of languages generated by CD grammar systems with only A-
free context-free productions in each P;, at most n components and working in
mode f, is denoted by CD,(f), 1 < j < n. Furthermore, denote CD(f) =

UnZl CDn(f)
This definition is illustrated by the following example.

Example 1 Consider the CD grammar system
Fl = ({Sv Aa Ba Ala Bl}a {aa ba C}a Sa Pla P27 P3)7
where

P = {S— AB,A" — A, B' — B},
P, = {A—d*'A'b, B — B’} and
Py = {A—ab,B— c}.

Suppose that this CD grammar system works in the maximal derivation mode
t. It is clear that the first component to be applied is Py, resulting in AB. Then
either component Ps is used, resulting in the terminal word abc, or component Py
is used. After using component Py, the sentential form is a*A'b*c*B' and only P,
can be used, resulting in a* Ab*c*B. Now, using P, and P, iteratively, strings of
the form a* Ab'c'B are generated, where i mod 4 = 0. This string can be rewritten
wnto a terminal one by using Py and it is clear that the language generated by I'y
operating in mode t is

Ly(Ty) = {a"b"c" | n mod 4 =1,n > 1}.
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This language is not a context-free language, demonstrating that CD grammar
systems with context-free components are able to produce languages not in the
context-free language class.

In fact, concerning the generative power of CD grammar systems, it is known
from [CD 90] and [CDKP 94a] that for f € {=k, >k | k£ > 2}, £ > 1 and
K E" > 2

CF=CD(=1) = CD(E ) =CD(x) = CD(<k) C (CD(=K)NCD(=E")),
CF =CD{f) € CDAT) € CDA) € -.€ ODY) S MAT and

More results on the generative power of CD grammar systems can be found in
[CDKP 94a].

5.1.1 Hybrid CD grammar systems

The idea to consider the agents of a multi-agent system to have different capa-
bilities was introduced into the model of CD grammar systems in [Mit 93]. It is
formally modelled by allowing different modes of derivation to be associated with
different components.

Definition 4 A hybrid cooperating distributed (CD) grammar system is a con-
struct T' = (N, T, S, (P, f1), (P, f2), ..., (Pn, fn)), where N is the set of nonter-
minals, T is the set of terminals, S € N 1is the axiom and Py, Ps, ..., P, are the
components as in the case of usual CD grammar systems and f; € {x,t} U{<
k,=k,>k | k> 1} is the mode of derivation associated with the component P;,
1< <n.
The language generated by ' is
LT)={zeT"| S:>f” wy, =12 . =i
P; 1 P,

im

The family of languages generated by hybrid CD grammar systems with only
A-free context-free productions in each P; and at most n components, is denoted
by HCD,, 1 < j < n. Furthermore, denote HCD = |J,,~, HCD,,.

Also this definition is illustrated by an example. -

Example 2 Consider the hybrid CD grammar system

Iy =({S,A,B,C,D, A", B',C", D'}, {a,b,c,d}, S,
(Pl’ :1)’ (P27 :2)7 (P37 :2)7 (P4,t), (P57 :4))7

24



where

P, = {S— ABCD},

P, = {A—adA',C — cC'},

Ps = {B—bB,D—dD'},

P, = {A—-AB —B,C —-C,D' — D} and
Ps = {A—=a,B—0bC—c¢,D—d}.

Obuviously, every successful derivation starts with the application of Py, thus
generating ABCD. There are three possibilities to continue. When Py is applied,
the terminal word abed is generated since Ps operates in mode = 4. Otherwise,
either Py or Py has to be used in mode =2, resulting in aA’BeC'D or AbB'CdD’,
respectively. Then, in case Py (P3) was used in the last step, the derivation
can proceed with Py (Py) or Py. Using Py as well as P3, the only possibility to
continue is by using Py. Hence, in all cases (basically only two different ones)
there comes a time when Py is used. This Py works in mode t, which makes it
possible to remove the primes from only A and C' or from only B and D or from
all four of them, in all cases leaving no primed nonterminals and thus fulfil the
stop condition of mode t. Consequently, this process can be iterated until finally
Ps5 is used to replace A, B, C' and D and thus fulfilling the stop condition for
mode =4. It is clear from the above explanations that the generated language s

L(Ty) = {a"b™c"d™ | myn > 1}.

Like that of Example 1, this language is non-context-free.

Concerning the generative power of hybrid CD grammar systems, it is known
from the definitions, [Mit 93] and [Paun 94| that for f € {x,t} U{<k,=k, >k |
k>1},n'>1andn >4

CDu(f) C HCD,,
CF=CD(f)=HCD,CHCDy;CHCD3sCHCDy,=HCD,=HCDCMAT,,,
ETOL = CDj3(t) C HC D3 and

ETO0L C HCD;.

Furthermore, in [Mit 93] it has been proved that for each hybrid CD gram-
mar system [, an equivalent hybrid CD grammar system [ can be constructed,

containing three components working in the t-mode and one in the =k-mode, for
some k > 1.

5.2 Eco-grammar systems

The concept of an eco-grammar system was introduced in [CKKP 93], the first
published paper on the topic is [CKKP 94a] and the definitions given next origi-
nate from [CKKP 94b).
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Definition 5 An eco-grammar system (of degree n, n > 1) is a construct
Y= (FE, A, As, ..., Ap),
where
o £ = (Vg, Pg),

o Vg is a finite alphabet and

e Pg is a finite set of OL rewriting rules over Vg and
hd Az = (‘/;7 -PiaRia 80171/)7,) fOT 1 S { S n, where

o V; is a finite alphabet,
o P; is a finite set of OL rewriting rules over V;,

e R; is a finite set of productions of the form o — 8 for a € Vi and
B eV,

o p; is a computable function from V3 to 2 and

o 1; is a computable function from V" to 2.

In this construct, E represents the environment with alphabet Vg and set
of evolution rules Pg. A; = (V;, P, R;, pi, ¢;) corresponds to the i-th agent,
1 <4 < n, with alphabet V;, set of evolution rules P; and set of action rules R;.
Mapping ¢;, which depends on the state of the environment, selects the evolution
rules for A; and mapping 1;, which depends on the state of the agent, selects the
rules for the action. Note that mapping v; is not defined for A, whereas ¢; is.

The current state of the environment as well as that of the agents is rep-
resented by strings, which thus together indicate the current state of the eco-
grammar system.

Definition 6 A state of an eco-grammar system ¥ = (E, Ay, Ay, ..., Ay) is an
n + 1-tuple
o= (wg,wy,ws, ..., wy,), where wy € Vi, w; € V. and 1 < i < n.

)

(wg is called the state of the environment and w; is called the state of the i-th
agent, 1 <i<n.)

An eco-grammar system changes its states by rewriting the strings currently
representing the environment and the agents.
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Definition 7 Let 0 = (wg, wy, ws, . .., wy,) be a state of the eco-grammar system

Y= (E,Al,AQ, .. ,An) Then

e agent A; is defined to be active in state o if the set of its action rules ;(w;) is
non-empty,

e an action of an active agent A; in state o is defined as an application of an
action rule r € 1;(w;) to the environmental state wg,

e o simultaneous action of active agents A;, ..., A;, {i1,...,i} C{1,...,n}, in
state o onto the environment is defined as a parallel derivation step

wp = wy  such that wgp = T T2 . . .OTEy 1, Wy = 31510202 . .. BeTri1,
aj — B €y (wy,), 1< j <k, v, €V and
1<i<k+1,

e w), is defined to be an evolution of the environment wg if w), can be derived
from wg by OL rewriting rules of Pg and

o w) is defined to be an evolution of agent A; in state w; if w; can be derived from
w; by OL rewriting rules of p;(wg), 1 <i < n.

These notions explain the subtle difference in the definition of the two func-
tions ¢ and ¢ as pointed out before. Agents can perform an action only if they
are in a non-empty state, but they can adapt to any state of the environment,
including the empty one.

A change of the state of an eco-grammar system is achieved by an evolution
of the state of every agent as well as an evolution of the environment at each
place, except those ones where the currently active agents perform a simultaneous
action.

Definition 8 A state 0 = (wg, wi, wy, ..., wy,), of an eco-grammar system ¥ =
(E, Ay, Ay, ..., Ay), directly derives a state o' = (wly, w, wh, ..., w.), written as
o=y 0 iff WE=T100T20s . . . TpQTpt1, W =21010502 . . . T, By
such that Ti1Toqs ... 0pTrr1 = 1010202 ... BpXpr1 1S @
simultaneous action of all agents A, , ... A;,,
{ir,...,ix} C{1,...,n}, that are active in state o
and

[ / - -
T\Ty ... Ty 45 an evolution of T1xo .. . Ty

and w; is an evolution of A; in state w;, 1 < i < n.
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The transitive (and reflezive) closure of = is denoted by =%, (=%).
If ¥ is clear from the context, it is omitted, thus writing only =" and =*,
respectively.

Hence the next state of an agent is determined only by its own evolution
rules, while the next state of the environment depends on both its own evolution
rules and the currently active agents. When an agent enters the empty state A,
it remains non-active during the further functioning of the eco-grammar system
(the mapping ¢; is not defined for A). On the other hand, an agent can be
temporarily non-active as well, that is no action rule of the agent is selected for
an action though it might be in the future.

Because of the complexity of eco-grammar systems, a pictorial representa-
tion of an eco-grammar system is provided next in order to make them easier
understandable.

¥1 Y2 ¥Pn evolution
i e e L] e
| | | parallel A
| wy | Wy | W, rewriting g
| | | | description
| | s | ¥ N
| o | | | R
| oo ! | !
action
| R, | R, | R, Sules
| | | sequential E
| | | rewriting \N/
| 1 description I
WE H H H parallel R
rewriting g
evolution
P rules M
E
N
T

From the point of view of formal languages, eco-grammar systems can be seen
as generative devices generating languages starting from a certain initial state.

Definition 9 Consider an eco-grammar system ¥ = (E, Ay, Ay, ..., A,) with an
initial state og. The language of the environment of X is defined by

LE(E,O'()) = {UJE € VE* | 0 = (wE,wl,. . .,wn), 0o :>§ 0j, j > 0}

(Analogously, sometimes the language of the i-th agent is defined, but it shall
not be used here.)
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The family of languages of the environment generated by eco-grammar sys-
tems of degree n is denoted by EG,, n > 1.

In Appendix C, some variations of eco-grammar systems as generative devices
can be found. This section will continue with presenting one more such a variant
in more detail since most of the continuation of this thesis will consider that
restriction.

An important direction in the development of the theory of eco-grammar
system is the study of restricted, i.e. simplified, systems. For convenience, the
initial state is made inherent to the system in this definition.

Definition 10 A simple eco-grammar system (of degree n, n > 1) is an n + 1-
tuple
E - (E,Al,AQ, .. .,An),

where
o = (VEapE'aw)a

o Vg 18 a finite alphabet,
e Py is a finite set of OL rewriting rules over Vg and

e w € VI is the initial state of the environment and
i Az = (‘/;7 -PiaRia 80171/)7,) fOT 1 < { < n, where

o Vi is a finite alphabet,
o P; is a finite set of POL rewriting rules over V;,

e R; is a finite set of productions of the form o — (3 for a € Vg and
BeVg,

vi(wg) = P; for every wg € Vi and
Yi(w) = R; for every w € V;*.

In this construct, E is the environment with alphabet V, set of evolution rules
Py and initial state w and A; = (V, P;, R;, ¢;, 1;) is the i-th agent, 1 < i < n, with
alphabet V;, set of A-free evolution rules P; (i.e. no agent can disappear during
evolution) and set of context-free action rules R; (i.e. actions are independent
of the environment). Mapping ¢; and mapping ¢; are total (i.e. A; is with full
activity and non-adaptive).

Naturally, with the obvious modifications, Definitions 6, 7, 8 and 9 continue
to hold for simple eco-grammar systems as well.

The family of languages of the environment generated by simple eco-grammar
systems of degree n is denoted by SEG,,, n > 1. Moreover, by definition, SEG, =
OL.

An example is given to illustrate the way a simple eco-grammar system works.
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Example 3 Consider the simple eco-grammar system
¥y = (B, A),
where
e E=({a},{a — a},a) and

o Ay = ({b},{b— b}, {a — a’}, p1,v1), where
o1(w) = {b — b}, for every w € {a}*, and ¥y (u) = Ry, for everyu € {b}™.

In this example only the language of the environment is considered. The axiom
is rewritten by the only action rule of the agent, resulting in a®. Then one of these

five a’s is again rewritten by the same production, while the other four a’s are

replaced by a, thus resulting in a®. This process can be iterated and it is clear

that the generated language of the environment is

LE(EI) = {a4i+1 | 1 Z 0}

Hence, already a very simple simple eco-grammar system can generate an
infinite non-0L language.

Some results from [CKKP 93] and [CKKP 94b] are presented in the following
lemma.

Lemma 1 Forn >0

FIN Cc SEG, and
SEG, C SEG,4;.
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Part 111
Teams in CD grammar systems

1 Definitions and examples

Cooperating distributed grammar systems consist of several grammars working
together. It is a natural idea to increase the degree of cooperation by forming
so-called teams of components and to investigate the effect on the generative
power. This idea leads to the so-called team CD grammar systems, introduced in
[KMPS 95].

Team CD grammar systems in some sense hold the middle between CD gram-
mar systems and PC grammar systems, though the latter allows some communi-
cation between the grammars. In CD grammar systems at each moment in time
one component is active, while the others are waiting; in PC grammar systems all
components are simultaneously active and in team CD grammar systems several
components are simultaneously active, leaving the others waiting.

The next section will start with a more general definition of prescribed team
CD grammar systems from [PR 94], treating the original definition of [KMPS 95]
as a special case.

Then, in Section 1.2, team cooperation is added to the hybrid CD grammar
systems of [Mit 93]. These systems are heterogeneous, hence different components
can work in different ways.

Finally, in Section 1.3 some mechanisms are added to the various grammar
systems enabling them to have controlled derivations.

1.1 (Prescribed) teams of grammars

The definition of teams in CD grammar systems given next is a reformulation of
the definition in [PR 94|, which in turn is a more general definition than the one
from [KMPS 95].

Definition 11 A prescribed team CD grammar system (of variable size) is a
construct

I'= (N7T757P17P27'"7Pn7Q17Q27"'7Qm)7
where (N, T,S, Py, Py, ..., P,) is a CD grammar system and Q; C {Py, P», ..., P,}
s called a prescribed team, 1 < i < m. Such a team Q); = {PZ-I,R-Q,...,PiSZ_},
1<s;, <nandl <i<m, is used in a one-step derivation, as follows. It is said
that x derives y in one step, for x,y € (N UT)*, by using team Q;, written as
T =g, Y ff v=21A120245. . T A X541, Y= T1Y102Y2 - . Ty, Ys; Ts, 41,
g e(NUT), 1<1<s;+1, A, >y € P, and
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At any derivation step, from each component of the team being used one of
its productions is used in parallel with all the other members of the team. As
a team is a set, no order of the components is assumed and hence the rewritten
symbols A; to Ay, can appear in x in any order.

Definition 12 Consider a prescribed team CD grammar system I' = (N, T, S,
P, Py, ... Py, Q1,Q,...,Qm). Then the following modes of derivation can be
defined for T'. Forx,y,z€ (NUT)*, k>1and1 <i<m,

x :>5f y iff x :>22i Yy orx :>gl y for some k' < k,

x :>5f y iff x :>]22l Y,

T :%k y iff x :>g y for some k' > k,

=y if :%i Yy orx :>'£2 y for some k,

T :%)l y iff x :>22l y and there is no z such that y =, 2,

x :>81 y iff © =g,y and for no component P;, € (); and
no z there is a derivation y =P, % and

x :>8 y iff v =¢, y and there is a component P;, € Q;

for which there is no derivation y =>p, z.
J

The three variants of the ¢-mode of derivation first appeared in [FP 95] (¢¢),
[KMPS 95] (¢1) and [PR 94] (¢3); the other modes of derivation are the natural
extension of the modes in CD grammar systems to teams of grammars.

When a team is applied to a sentential form, the rewriting of this team in
any of the modes of derivation can only come to an end when the stop condition
(as defined above) of this mode of derivation is satisfied. Then another team can
start its work. In case this stop condition is not (yet) satisfied the team must
continue rewriting until it is satisfied. In the case when it is not satisfied and can
never be satisfied, the derivation comes to a halt.

Hence, in the case of mode t; the work of a team ends successfully when
no further derivation step can be done as a team, in the case of mode ¢; the
work ends when no component of the team can apply one of its productions any
longer and in mode t,, finally, the work of a team ends when there is at least one
component that can no longer apply one of its productions. Shortly, an example
will illustrate these subtle differences.

Definition 13 Consider a prescribed team CD grammar system I' = (N, T, S,
PPy ...,P,,Q1,Qs,...,Qm). The language generated by T, operating in mode
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f € {*7t07t17t2}u{§k7:k72k | k 2 1}7 is then
LiT)y={2z€T"|S :>6i1 (s :>gi2 :>gzp w;, = 2,
1<i;<m,1<j<p}

The subtleties between the modes t; for j € {0,1,2} are illustrated by the
following example.

Example 4 Consider the following prescribed team CD grammar system (with
teams of variable size)

F3 = ({A,B,C,AI,B,,C,},{CL,b, C},S, Pla' . '7P77{Pl}a{P27P37P4}7{P57P67P7})7
where

P = {S— ABC},

P, = {A—aA' A= a, A" — aa},
Py = {B—bB',B— b},

P, = {C—cC'\C — ¢},

Py = {AA—= A A > A}

P = {B'"— B,B— B} and

P, = {C'—= C,B— B}.

In the beginning of the derivation, there is no difference between mode t,
t1 or ty. All derivations start by applying the first team, which results in the
string ABC'. Then indeed the stop condition for all three modes is satisfied and
another team can be used. It is clear that, because of the size of the other teams, if
there are any nonterminals in a sentential form, then there need to be three to be
able to continue the derivation. Hence, sentential forms which do not satisfy this
condition shall not be mentioned in the continuation of this example. From ABC),
only the second team can be used and in either mode this leads to aA'bB'cC" or
abc or to a string with one or two nonterminals. The reader can check that the
stop condition for all three teams is indeed fulfilled.

Next the modes ty, t1 and ty will be considered separately. First, consider
mode ty. Applying the third team to aA'bB'cC' results in aAbBcC or aA'bBcC.
In both cases the third team can no longer rewrite as a team. The stop condition
for mode tqy is thus satisfied and another team can be applied. The sentential form
aA'bBcC' can only lead to the terminal string a*b*c?, by applying the second team.
However, applying the second team to aAbBcC' results in a?b*c? or a®> A'b2B'c*(C",
in both cases satisfying the stop condition. This process can be iterated and it is
clear that the generated language becomes

Ly, (D) = {a"b"c", a™ ™™ | n > 1, m > 2}.
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Secondly, consider mode ti. Applying the third team to aA'bB'cC’ results in
aAbBcC or aA'bBcC'. The sizth and seventh component both contain a production
that could still be applied to the sentential form and thus, in both cases, the stop
condition for mode ti is not satisfied. Nor can the third team be used any longer.
It is thus clear that the generated language is

Ly, (T'3) = {abe}.

Finally, consider mode ty. Applying the third team to aA'bB'cC’ results in
aAbBcC or aA'bBcC'. In the former case, the fifth component cannot rewrite the
sentential form and the stop condition for mode ty is thus satisfied. In the latter
case, every component of the third team can rewrite a symbol from the sentential
form (though not all at the same time) and the stop condition for mode ty is thus
not satisfied. No rewriting step can take place in this case either and the only
way to continue is by rewriting aAbBcC. In a similar fashion as in the case of
mode ty this process is iterated and the language becomes

L, (T3) ={a"b"c" | n > 1}.

Having studied I's in such depth, it comes as no surprise that for modes f €
{=1,>1,x}U{<k | k > 1} the use of primes results in the language

L;(T3) = {a™b"c", ™™™ |n>1, m > 2}.

Note that this example above ”proves” that inclusions such as Ly, (I') C Ly, (T)
and Ly, (I') C L, (") can be proper.

The original definition of teams in CD grammar systems in [KMPS 95] can
be considered as a special case of this definition. In [KMPS 95|, teams are
not prescribed, but each set of components can be a team, so-called free teams.
Moreover, they are not of variable size, but a natural number s > 1 is given
and the teams are formed such that the number of components of every team is
exactly s; these teams are called of constant size s.

Combining these two definitions, it is thus clear that we can differentiate be-
tween the following four variants of team CD grammar systems, all being special
cases of Definition 11 above.

Free teams of variable size: each subset of components can be a team.

Free teams of constant size: this is the original definition of [KMPS 95|, as ex-
plained above.

Prescribed teams of variable size: these are defined in Definition 11.

Prescribed teams of constant size: all prescribed teams consist of the same num-
ber of components.
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In the case of teams of constant size, whether prescribed or free, a finite set
of axioms W C (N U T)*, with only one string in it containing nonterminals,
is allowed. This is done since otherwise in the case of A-free productions no
string shorter than s could be generated. In the case of free teams with teams of
constant size, the construct thus becomes I' = (N, T, W, P, P,, ..., P,) and the
generated language becomes Lf(I", s). The modifications in the other cases are
obvious.

The family of languages generated by CD grammar systems with prescribed
teams of variable size and only A-free context-free productions is denoted by
PT,CD.

Notation 2 In the sequel, when teams of variable size are considered the sub-
seript = will be used in the notation; when teams of constant size are considered
the subscript s will be used instead of x and when the team-size is not constant
but at least two, the subscript + will be used. Moreover, the letter P is omitted
from the notation when free teams are considered.

To show the differences between the definition of prescribed teams and the
original definition of free teams in [KMPS 95], also an example with free teams
of constant size is presented.

Example 5 Consider the team CD grammar system (with free teams of constant
size)
F4 = ({Aa B}a {aa ba C}aABapla P27 P37 P4)7

where

P, = {A—d*'Ab' A= ab},
P, = {B—c'B,B—c},
Py = {A"— A} and

P, = {B'— B}.

It is left to the reader to check that the language generated by this team CD
grammar system, with teams of size 1, 1s

LTy, 1) ={a™b™c" |mmod 4 =1, nmod 4 =1, m,n > 1}

for f € {=1,>1,%,t,t1,t} U{<k | k > 1}.

Next, the case of teams of a size larger than 1 is considered in more detail.
Since at any moment in time a team cannot work when there is only one nonter-
minal in the sentential form, only the following two teams result in a team CD
grammar system with constant size capable of generating a non-empty language.

Ql = {PhPZ} and
Q? = {P37P4}-
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These teams both have size 2 hence the grammar contains two 2-teams.

One can start from the axiom AB which, by using Q1, leads to the termi-
nal string abc or to a*A'b*c*B’ or a sentential form with only one nonterminal
appearing in it. In the latter case, no terminal word can be obtained since a
team of size 2 requires at least two nonterminals to be present in the sentential
form. From a*A'b*c*B’, using Qs followed by Q:, the terminal string a®b>c® or
aBA'BB B’ results. Once again, other sentential forms are incapable of ever re-
sulting in a terminal word. Consequently, it is easy to see that interchanging
Q1 and Qo repeatedly generates a™ Ab"c"B for n mod 4 = 1, which can be made
terminal by using @1, hence yielding

L;i(Ty,2) ={a"V"c" |n mod 4=1,n> 1}

fO’f' f € {:1,21,*,t0,t1,t2} U {Sk | k Z 1}
Note that the following team CD grammar system (with free teams of size 2)

I's = ({A,B},{a,b,c}, AB, P, Py, P;, Py),
where

P = {A—d*Ab'},
Py = {B— "B},
P; = {A— ab} and
P, = {B—c}

can result in the teams
Q, = {P, P} and
Q, = {P P}
being formed.
However, the generated language is

L;(T5,2) ={a"b"c" |n mod 4 =1,n > 1}

for f € {=1,>1,%}U{<k | k > 1} only. This is due to the fact that the mazimal
rewriting strateqy would mean that team Q), once started, could never fulfil its
stop condition.

A final example according to the more general definition of prescribed teams
of variable size is presented to make the notion of teams absolutely understood
and to demonstrate the differences between free teams and prescribed teams.
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Example 6 The prescribed team CD grammar system (with teams of variable
size)

I's = ({57147 B}7 {aa b, 0}7 S, Py, Py, P3, Py, Ps, {P1}, {PZ, P3}, {P4, Ps}),
where

P = {S— AB},

P, = {A—d*' AV, A— ab},
Ps = {B—c'B,B—c},
Py, = {A' = A} and

P = {B'— B}

obviously yields the same language as 'y for teams of size 2 in Example 5.
Thus,
L;(Ts) ={a™b"c" |n mod 4 =1,n > 1}

fO’f'fE {:1,21,*,t0,t1,t2}U{§k | k > ]_}

Note the duality between free teams and a string axiom. In Example 5 the
team-size was the constant 2, which was possible by taking a string as axiom. In
['¢ in this last example prescribed teams of variable size are needed to allow the
production rewriting the axiom as a separate team of size 1.

1.1.1 The weak rewriting step

In [DKP 93], two different versions of a parallel derivation step in colonies (for a
definition of colonies, see Appendix A) were introduced. The difference can occur
only when two components can rewrite the same nonterminal; colonies excluding
this possibility are called non-competitive. In a strongly competitive derivation
step, every enabled component has to be used in a single derivation step. Thus,
if two components have to rewrite the same nonterminal and this nonterminal
appears only once in the sentential form, then the derivation is blocked. Hence
if a component can be used, then it must be used.

In a weakly competitive derivation step, the derivation is not blocked in such
a situation, but a maximum number of enabled components is used. Thus allow-
ing a derivation to continue even if only one of two (or more) components that
are capable of rewriting a specific nonterminal (that appears only once in the
sentential form) can be used.

A rewriting step of a prescribed team CD grammar system as described in
Definition 11 will be considered a strong rewriting step, since it resembles the
strongly competitive derivation step in a colony. The idea of a weakly competitive
derivation step can be introduced for prescribed team CD grammar systems as
well.
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Definition 14 A weak rewriting step of a team Q; in a prescribed team CD
grammar system T = (N, T,S, P, Py, ..., Py, Q1,Qo,...,Qn) is defined as fol-
lows. Forxz,y € (NUT)*, it is said that x directly derives y in the weak rewriting
step by using team Q;, written as

T =0, Yy iff T =11A100A9 .. XpApTpi1, Y = T1Y1T2Y2 . TpYpTp i1
such that 1z, € (NUT)*, 1 <I<p+1, Ay =y, € P, for
1<k<p, ipmF#i, formz#%n, 1<m,n<pand
{P,Pi,,...,P,} C{P;, Pi,,..., P} = Q; such that
for all P, € Q; \{P;,, Pi,,..., P} there exists

no production o — 3 € P;, such that o € 1125 ... Tp41.

Next to the one-step derivation, the following modes of derivation are defined
forT. Forx,y,z€ (NUT), k>1and 1 <i<m,

v :wf?f y iff w :w%l y orw :w>gl y for some k' <k,

v oy iff =,

T = ngky if x:w>giyf0rsomek’2k,

X :w>; y iff = :w%i Yy orx :w% y for some k and
t

x :w>$ y iff x :w>; y and there is no z such that y =q, 2.

The language generated by I, operating in mode f € {x,to} U{<k,=k,>k |
k> 1}, is

. ! ! !
LQ;’(F) ={zeT"|S :w>Qi1 w;, :w>Qi2 ---:w>Qip w;, = 2,

1<i;<m,1<j<p}

This weak rewriting step will be considered only for CD grammar systems
with prescribed teams of variable size. The family of languages generated by
such systems, operating in derivation mode f and rewriting according to the
weak rewriting step, is notated by PT,CD(f) in the case of A-free context-free
productions; when A-productions are allowed the superscript A is added.

To illustrate the differences between strong and weak rewriting in prescribed
team CD grammar systems, the following example is presented.

Example 7 Consider the prescribed team CD grammar system (with teams of
variable size)

F7 = ({A7B7A,7B,}7{a7b76}757P17P27P37P47P57{Pl}a{P27P3}7{P47P5})7
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where

P = {S — AB},

P, = {A—aA'b, A — ab},
Ps = {B—c¢B', B—c},
P, = {A"— A} and

P; = {B'— B}.

Due to the formation of the teams, rewriting always consists of using a team
for one step. Mode ty thus equals mode =1, > 1, x as well as mode <k forak > 1
and therefore the mode 1s not mentioned explicitly throughout the explanation.
Any derivation starts with using the first team, resulting in AB. This team will
subsequently never be used again.

Consider rewriting according to the weak rewriting step. From AB, one can
continue only with the second team, leading to one of the three sentential forms
aA'beB', aA'be or abeB' or to the terminal string abc. The only way to continue is
by using the third team, resulting in the unprimed versions of the above sentential
forms. Now this process can be iterated along one of the following steps, for
n > 3.

e aAbcB ==, a’b*c?

e aAbcB ==, a? AV B =%, a?AV’*B = --- == a"b"c"

o aAbcB ==, a? AV’ =, AV’ = - == a"D"c?

o aAbcB ==, a’b**B' ==, a’V**B = - - - = a’b*"

o aAbc =g, a’b’c

o aAbc ==, a’A'Vc =g, a’AbPc = - == a"V"c

e abcB ==, abc?

o aAbc ==, ab®B' ==, abc® B = --- == abc"

Thus, T'; generates the language

LY (T7) = {a™b™c" [ m,n > 1},

for fe{=1,>1, %t} U{<k|k>1}.

Next, consider rewriting according to the strong rewriting step. From AB, one
can continue only with the second team. However, since a strong rewriting step
requires using a production from every component of a team in every step, only
the sentential form aA'bcB’ or the terminal string abc can result from using the
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second team. Consequently, using the third team, the primes in this sentential
form can be removed and the process can be iterated. This clearly results in the

generated language
L;i(T7) ={a™b"c" | n > 1},

fO’f'fE {: ]_,Z]_,*,to,tl,tQ}U{Sk | k > ]_}

1.2 Hybrid (prescribed) teams of grammars

Now, consider hybrid versions of the forming of teams in CD grammar systems,
as defined in Section 1.1, in the style of the hybrid CD grammar systems. Two
basically different versions can be defined. One can consider a hybrid CD gram-
mar system and automatically form teams of its components according to some
fixed strategy or one can consider a prescribed team CD grammar system and
simply associate a (possibly different) mode of derivation with each team.

Both definitions will be presented in this section and their differences will
be illustrated by some examples. To start with the first idea, consider a hybrid
CD grammar system and automatically form teams by combining all components
with a certain mode of derivation to form a team with that mode of derivation.
Because the teams are formed automatically, they are not part of the system
"hardware”, but a way to define the work of the system. This results in the
following definition.

Definition 15 Consider a hybrid CD grammar system

= (N,T,5,(Pi, 1), (Po, fo)s -+, (Pay fi)-

Then teams (Q;, g;) C {(P1, f1), (P2, f2), -+, (Pn, fn)} can be automatically formed
in the following way. For g; € {,to,t1,ta} U{<k,=k,>k |k > 1}

(Qir9i) = {(Pes f) | fe =95, 1 <k <n}.

Such a team (Qi, ;) = {(Pjy, fi1), (Piys fi)s -5 (Pjs fi.,)}, is called an automat-
weally formed team operating in mode g;.
The language generated by I' with automatically formed teams is

L") ={zeT*|S :>‘(gill (2 :>g:2 :>g:’:n w;,, =z, m>1}.

The family of languages generated by hybrid CD grammar systems with auto-
matically formed teams of variable size and only A-free context-free productions
is denoted by HT,C'D. Note that due to the automatical construction from a
hybrid CD grammar system (with a one-symbol axiom), the notion of teams of
constant size is very restricted. Only teams of constant size 1 could be con-
structed, but they obviously have the same generative power as the underlying

40



hybrid CD grammar system. Naturally, it is possible to consider hybrid CD
grammar systems with a string axiom instead of a single nonterminal.

This new notion of forming teams in grammar systems is illustrated by the
next example.

Example 8 Consider the hybrid CD grammar system
FS - ({57 Aa B}7 {Cl, b7 C}a 57 (Pla S 1)7 (P27 :4)7 (P37 :4)7 (P47 :1)7 (P57 :1))7
where

P = {S— AB},
P, = {A— aAb},
P, = {B— cB),

Py = {A— ab} and
P; = {B—c}.

There is one component operating in mode <1 and there are two components
operating in mode =4, as well as two in = 1. Hence the following three auto-
matically formed teams result in a hybrid CD grammar system with automatically
formed teams of variable size.

(Ql,él) = {(Plvgl)}a
(Q27:4) = {(P27:4)7(P37:4)} and
(@s,=1) = {(P,=1),(F,=1)}

Often the modes are omitted in case of the components, thus writing

(Q1,<1) = {PA},
(Q2,=4) = {P, P} and
(Q37:1) = {P47P5}-
One can start from the axiom to AB, which leads to the terminal string abc
using Q3 in mode =1 or to a*Ab*c* B using Qo in mode =4. Using again Q5 leads
to the terminal string a®b°c® and once more Qs leads to a® Ab®cSB. Consequently,

it is easy to see that using Qo repeatedly generates a™ Ab"c" B, where n mod 4 = 1,
which can be made terminal by using Q3, thus yielding

L (Tg) = {a"b"c" | n mod 4 = 1,n > 1}.
Note that the hybrid CD grammar system

Ty = ({S,A,B},{a,b,c}, S, (P,=1), (P, =4), (Ps5,=4), (Py,=1), (Ps5,=1)),
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where

P, = {S— AB},
P, = {A— aAb},
Py = {B — cB},

P, = {A— ab} and
P; = {B—c}

results in the teams

(Q17:1) = {P17P47P5} and
(Q2724) = {PQ,Pg}

being formed automatically. This is not a very useful hybrid CD grammar system
with automatically formed teams, however, since initially no team can be used to
rewrite the axiom. Hence,

Laut(Fg) — @

This shows the importance of different modes for component 1 than for compo-
nents 3 and 4.

Note that this example shows the way in which the choice of modes of deriva-
tions for components can influence the teams that are formed automatically.
Moreover, note that the hybrid CD grammar system I's does not generate the
same language with automatically formed teams as without any teams, since the
reader can check that L(I's) = {a™0™c” | m mod 4 =1, nmod 4 =1, m,n > 1}.

As said before, one can also consider a hybrid version of the definition of
prescribed teams. In contrast with Definition 15, one does not start from a
hybrid CD grammar system, but simply lists the teams with their components
and mode of derivation. Hence every team has a mode of derivation associated
with it, but different teams may have the same mode of derivation. This results
in the following definition, which is in fact more general than Definition 15.

Definition 16 A (prescribed) hybrid team CD grammar system is a construct

['= (N7T757P17P27"'7Pn7(Qlafl)a(QZ:f?)a"'a(Qmafm))a

where (N, T,S, P, Py,...,P,) is a CD grammar system and (Q;, f;) is called
a prescribed team operating in mode f;, with Q; C {Py, Ps,...,P,} and f; €
{*,to,tl,tQ}U{Sk,:k,zk | k 2 ]_}, 1 S 1 S m.
The language generated by I" is
LD ={z € T" | S =) wi, =g, - ==y wi, =2,
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The family of languages generated by hybrid CD grammar systems with pre-
scribed teams of variable size and only A-free context-free productions is denoted
by HPT,C'D. When dealing with teams of constant size s a finite set of axioms
W C (N UT)* with only one string in it containing nonterminals is allowed.
Naturally, the S in the construct is replaced by this W and the subscript * is
replaced by s and the generated language becomes L(T', s). All this is similar to
the homogeneous case of Section 1.1.

This new notion of forming teams in grammar systems is demonstrated by
the next example.

Example 9 The prescribed hybrid team CD grammar system (with teams of vari-
able size)

FIO = ({SaAaB}a {CL, ba C}a Sa P17P27P37P47P57 (Qla :1)7 (Q?a :4)7 (Q37 :1))7

where
P, = {S— AB},
P, = {A— aAb},
P; = {B— ¢B},
P, = {A— ab},
Py, = {B— ¢},
Q = {P},
Qs = {P, P} and
Qs = {Py, B}
obviously yields the same language as I's in Fxample 8 did.
Thus,

L(Typ) = {a"b"c" | n mod 4 =1,n > 1}.

Note that due to the prescribed manner of the teams in prescribed hybrid team
CD grammar systems, it is possible to have two different teams working in the
same mode of derivation. Compare this to the hybrid CD grammar systems with
automatically formed teams, where this would result in the forming of one team
operating in that very mode.

The hybrid team CD grammar systems considered in this section combine the
features of hybrid CD grammar systems and of teams in CD grammar systems.
Until now, the mode of derivation was the same for all teams. Now, however,
different teams can have different modes of derivation.
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1.3 Controlled teams of grammars

The interchanging of teams during the derivation process in the grammar systems
of the previous sections is not very enhanced, in the sense that there is no control
on the order of the teams. Only very weak conditions are given to decide when
one team stops and another one starts working.

In this section a generalization is considered by adding control mechanisms.
Three different types will be considered in the following sections. In Subsec-
tion 1.3.1 static external control in the form of a directed graph is considered. It
is called static control since the current state of the problem is not taken into
consideration.

In Subsection 1.3.2 some conditions on the form of the sentential form are
considered, in the form of a hypothesis (or target) language. This is a form of
dynamic control since it takes the current state of the problem into consideration.

Finally, in Subsection 1.3.3 a generalized sequential machine (gsm) is used
to intermediate between the uses of teams. Also this is an example of dynamic
control, since the decision which team will be used next, after a certain team has
stopped, is based on the current sentential form.

1.3.1 External control

In this section the definition of prescribed hybrid team CD grammar systems
controlled by a directed graph is presented. The notion of derivations controlled
by a directed graph was already presented in [Wood 73], [MR 78] and [CD 90] for
Chomsky grammars, cooperating grammar systems and CD grammar systems,
respectively. In [GP 90] and [Das 91a] results on graph controlled CD grammar
systems with appearance checking and characterizations of graphs associated to
specific language classes, respectively, can be found.

Definition 17 A prescribed hybrid team CD grammar system with graph con-
trol is a construct

['=(N,T,5 P,Ps,....P, (Qn, f1),(Q2, f2), .- -, (@), fm), U),

where (N, T,S, Py, Py, ..., Py, (Q1, 1), (Q2, f2), -, (Qm, fm)) is a prescribed hy-
brid team CD grammar system and U = (V, E) a directed graph with set of nodes

V' and set of edges E, the m nodes of which are labelled by @Q;, 1 <1 < m.
The language generated by I and controlled by U s then

LY(T)={zeT| S:>gill Wi, :>gfz :>gfp w;, = 2,
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Note that the graph has exactly one node for each team.

The family of languages generated by prescribed hybrid team CD grammar
systems with graph control and only A-free context-free productions in Pj, 1 <
j < n, is denoted by GCHPT,CD. For subclasses without teams, as suggested
in Remark 1 below, the graph has exactly one node for each component (even
labelled by the component).

Remark 1 Definition 17 is the most general definition among those considered
here; subclasses without teams, with non-hybrid teams, with (free) teams of con-
stant size, with only regular productions and many more such restrictions can
be imagined. The notation is adapted according to the conventions made in this
thesis for such definitions.

The next example illustrates one such a subclass.
Example 10 Consider the hybrid CD grammar system with graph control
' =S, A, B}, {a,b},S, (P,t),(Py=1),(Ps,t),(Ps,t),(Pst),U),
where

P = {S— ABS,S — AB},
P, = {A—a},

P; = {B— bB'},

Py = {B — b},

Ps = {B — B} and

U is the following graph.

PP— P, — P

7

P5% P3

Using Py for i times results in the sentential form (AB)', i > 1. Then every
time P, changes one A into an a, the components P3 and Ps change all B’s into
bB. This is repeated until there is only one A remaining in the sentential form,
after which another path in the graph is taken to replace also this last A by a and
consequently replacing all B’s by b, thus obtaining a terminal string. No terminal
string can be obtained if the last A’s replacement by a is followed by replacing all
B’s by bB' since this would eventually require another application of P, before
yielding a terminal string, which is not possible due to the absence of A’s. It is
thus clear that

LY(Tn) = {(ab™)" | n > 1}.

Hence already only one non-metalinear production, no teams and an easy
graph suffice to generate a non-ETOL language.
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1.3.2 Internal control

One can imagine that teams work together to reach a certain goal, which can be
modelled by assuming a hypothesis (target) language with which the sentential
forms are compared between every use of a team. Next the definition of prescribed
hybrid team CD grammar systems with a (regular) hypothesis language is given.
The notion of a hypothesis language (or the only slightly different concept of reg-
ular restriction) was already introduced in [Fris 68], [Das 91b] and [Paun 95a] for
context-free grammars, CD grammar systems and colonies, respectively. See also
[Krél 73] for a result on context-free grammars with a weak regular restriction.

Definition 18 A prescribed hybrid team CD grammar system with a (regular)
hypothesis language is a construct

I'= (NaTasa-PlaPZa---7Pn7(Q17f1)7(QZ)fZ))"'a(Qmafm)aR)a

where (N, T,S, P, Py, ..., Py, (Q1, 1), (Q2, f2),- -, (Qm, fm)) is a prescribed hy-
brid team CD grammar system and R is a regular language in (N UT)*\ T*.

A derivation consists of accepted derivation steps, where the derivation v =g,
y (for fi € {*,to,t1,t2} U{<k,=k, >k | k> 1} and 1 < i < m) is accepted iff
ye R oryeTr.

The language generated by I with hypothesis language R is

LAT)={ze€T*|S :>g:1 w;, :>gf2 :>gfp w;, = 2,

wy, €R, 1<i;<m, 1<j<p 1<k<p-1}

Note that no hypothesis is made about the final terminal string. The regu-
larity of the hypothesis language is motivated by the fact that the test for the
condition y € R can be done in linear time.

The family of languages generated by prescribed hybrid team CD grammar
systems with a hypothesis language and only A-free context-free productions in
P;, 1 < j < n, is denoted by HLHPT,CD. This is the most general defini-
tion considered; subclasses similar to the ones as proposed in Remark 1 can be
imagined.

The definition is illustrated for one such a subclass mentioned in Remark 1
in the next example.

Example 11 Consider the prescribed team CD grammar system with teams of
constant size 3 and a hypothesis language

Fl? = ({Aa B,C}, {CL, ba C},ABC, Pla P27 P37 {Pla P27 P3}7 R)a
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where

P = {A—aAA—a},
P, = {B—bB,B — b},
Py, = {C—cC,C —c} and
R = THAYTHB}T*{C}.

There is only one team and the reqular language requires the presence of the
three nonterminals A, B and C' in every nonterminal sentential form. Thus using
the team by the three second productions of its components leads to the terminal
string abc. On the other hand, using the team by the three first productions of its
components leads to the sentential form a'~'Ab'Bc'='C, i > 2. Then the team
can make a terminal string a'b'c', i > 2, by using the three second productions
of its components. No other selection of productions from the components than
these described above is possible due to the form of the hypothesis language. It is
thus clear that

L?(Flg, 3) ={a"b"c" | n > 1}

fO’f'fE {:1,21,*,t0,t1,t2}U{§k | k Z ]_}

Hence already regular productions, one non-hybrid team of size 3 and a very
easy regular language suffice to generate a non-context-free language.

In fact, adding the team {S — ABC} (S being the axiom) and changing the
+’sin R into *’s results in a prescribed team CD grammar system with two teams
of variable size (1 and 3) and only metalinear productions generating the same
language. Using hybrid teams also the language {a"b"c" | n mod 4 = 1,n > 1},
which was used as running example in the previous sections, can be generated by
a very concise grammar system using the same hypothesis language.

1.3.3 Intermediate control

A real life feature of team cooperation is the possibility that the teams involved
speak different languages. To be able to reach a goal by cooperation, an inter-
preter is necessary to intermediate between them, i.e. in a grammar system a
translation takes place after one team stops and before another one starts work-
ing. This idea can be modelled by using a generalized sequential machine (gsm)
in team cooperation, formally presented in the next definition. This approach
was already investigated in [Mit 90] and [Paun 95a] for CD grammar systems and
colonies, respectively.

Definition 19 A prescribed hybrid team CD grammar system with a generalized
sequential machine (gsm) is a construct

I'=(N,T,5 P, P, ....P,, (Q1, f),(Q2 f2), ..., (Qm, fm), 9),
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where (N, T,S, Py, P, ..., Py, (Q1, 1), (Q2, f2), -, (Qm, fm)) is a prescribed hy-

brid team CD grammar system and
g=(K,NUT,NUT,sq,0,H)

18 @ gsm.
For f; € {*,to,t1,t2} U{<k,=k,>k | k> 1} and 1 < i < m the language
generated by T with gsm g s
* fi fi fi
L) ={z € T" | S =} wi, = g(w;,) =>q;, wi, = g(wi,) =g
fi . .
"':>Q:fp wip:'za 1§Z] Sma 1§] Sp}
The family of languages generated by prescribed hybrid team CD grammar
systems with a gsm and only A-free context-free productions in P;, 1 < j <mn, is
denoted by GSM H PT,C'D. Again, this is the most general definition considered;
subclasses as proposed in Remark 1 can be imagined.
Once again, the definition is illustrated for such a subclass in the next example.

Example 12 Consider the prescribed team CD grammar system with teams of
variable size and a gsm

F13 = ({S7A7B7O7D}7{a7b7c7d}7sapl7p27"-7P97Q17Q27Q37Q47.g)7

where

P = {S — abed}, Q1 = {P},

P, = {A— aa}, Q2 = { P2, P4},

Py = {B — bb}, Qs = {P3, Ps},

P4 = {C—)CC}, Q4:{P67P77P87P9}7

P = {D — dd},

P = {A — CL},

P7 = {B — b},

Pg = {C — C},

Py = {D —d} and

g = ({Sa,Sb,SC,Sd,SZ},[,O,Sa,é, {Sz})a

where

I=0={S, A B,C,D,a,b,c,d} and

§ = {(saa, Asp), (SaA, Asp), (spa, asy), (spb, Bs.), (sB, Bse), (scb, bse),
(sc¢, Csa), (5.C,Csq), (Sac, €Sa), (Sad, Ds,), (saD, Ds,), (s.d,ds,)}.
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Initially, only team Q1 can be used, resulting in the sentential form abed. This
team can now never be used again. The gsm translates this string into ABCD.
The gsm always translates the first a, b, ¢ and d that it meets into A, B, C' and
D, respectively, if this particular nonterminal is not yet present in the sentential
form, meanwhile skipping specific intermediate terminals and nonterminals. From
ABCD the derivation can be continued by using either QQ2, Q3 or Qg. Team Qg
results in the terminal string abed. Using Qa (Q3) leads to aaBeeD (AbbCdd),
which the gsm thus translates into AaBCcD (ABbC Dd). Repeating this process,
strings of the form Aa'b’Ccld’ or a'BV DA’ are translated into strings of the
form Ad'BYCc'Dd?, i > 1 and 5 >0 (i > 0 and j > 1). Finally, team Qg can
then be used (only after translation since it requires the presence of A, B, C' and
D in the sentential form) to obtain terminal strings of the form a''c'd?, i > 1
and j > 1. It is thus clear that

L4 (T13) = {a"d™c"d™ | m,n > 1}
fO’f' f € {:1,21,*,t0,t1,t2}u {Sk | k > ]_}

Note that the gsm in the example is in fact a Mealy machine since it is
deterministic and every production in the set § has only one output-letter. Hence
already regular productions, non-hybrid teams of variable size and a restricted
gsm suffice to generate a non-context-free language.

In fact, teams are not even necessary. The hybrid CD grammar system [}, =
({S,A,B,C,D},{a,b,c,d}, S, (P,=1),(Py,= 2),(P;,= 2),(P;,= 4),g), where
P)=P,UP,, P;=P;UP;s and P; = Py U P; U Py U Py and the rest as in I'j3 in
the example above, clearly also generates LI(I'},) = {a"b™c"d™ | m,n > 1}.

1.4 Conclusion

In the first section, mostly definitions from [KMPS 95] and [PR 94] were recalled.
The (prescribed) team CD grammar systems with teams of constant size form
teams of a given constant size from a CD grammar system. Moreover, they
require a string axiom with at least s nonterminals in it (s being the size of the
teams) in order to guarantee any rewriting at all. In the (prescribed) team CD
grammar systems with teams of variable size this is not necessary. One simply
lists all the teams of possibly different size. Obviously, the definition of prescribed
teams is a generalization of the original definition of team CD grammar systems.

Furthermore, a variation of the (strong) rewriting step was proposed. This
new way of rewriting is called weak rewriting. It resembles the well-known con-
cept of appearance checking; every component of a team which contains a produc-
tion that can rewrite the sentential form must be used, but a component which
does not contain any production with a left-hand side that is contained in the
sentential form does not need to be used.
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The notions of hybrid versions of the definitions from the first section are
introduced in the second section. Two ways of forming hybrid team CD gram-
mar systems are considered. In hybrid CD grammar systems with automatically
formed teams, these teams are formed of all components with the same mode of
derivation in the hybrid CD grammar system. Their size may thus differ. Pre-
scribed hybrid team CD grammar systems simply list the different teams with
their mode of derivation. This mode of derivation is the same for every member of
a team, but there may be more teams with the same mode of derivation. This isin
contrast with the hybrid CD grammar systems with automatically formed teams,
where each team operates in a unique mode. Obviously, this latter definition is
a generalization of all the three other ones appearing in Subsections 1.1 and 1.2.

All these team CD grammar systems defined in the first two sections allow
several components to be active simultaneously. The non-context-free language
{a™"c™ | n mod 4 = 1,n > 1} is used as a running example throughout the sec-
tions. In the two new definitions concerning hybrid teams the grammar systems
generating this language are surprisingly elegant. Hence an advantage over the
usual (hybrid) CD grammar systems should not only be expected in generative
power, but also in the elegance of the grammar systems. In this case, elegance
could be understood as the amount of symbols used in the productions, to name
just one possibility. However, the syntactical complexity of grammar systems
with teams is beyond the scope of this thesis.

The forming of teams of grammars also allows the introduction of three vari-
ants of the maximal rewriting strategy known for CD grammar systems. In the
variant closely based on the original one, the rewriting of a team comes to a halt
when the team as a whole can no longer perform a rewriting step. In the other
maximal modes of derivation, the rewriting of a team ends when no component of
the team can work further on the current sentential form or if there is at least one
component that can no longer rewrite the current sentential form. In the next
section the generative power of the forming of teams in (hybrid) CD grammar
systems for these, as well as for the usual modes of derivation of CD grammar
systems extended to teams, is investigated.

The last section presents a survey of adding mechanisms to control the deriva-
tions in grammar systems. Three variants are considered, not previously defined
for prescribed hybrid team CD grammar systems; naturally also subclasses, for
example without teams, can be considered. When the control is imposed by a
graph, the next team to be used has to be connected with the current team by an
edge. In the second variant, the intermediate sentential forms have to be part of
a regular language, called the hypothesis language. Finally, when a gsm is added
to the grammar system, the intermediate sentential forms are translated before
using a team again. The generative power of these controlled grammar systems
will also be dealt with in the next section.

Finally, an interesting problem posed in [PR 94] remains to be investigated.
In all definitions above, when more teams are able to rewrite the sentential form,
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one of these teams is chosen non-deterministically. Perhaps a priority relation
among the teams could solve this concurrency matter.

2 Generative power

In this section the generative power of the systems defined in Section 1 is inves-
tigated. To begin with, a lemma is stated that follows immediately from those
definitions.

(Recall Notation 1, which states that the type of productions that are used in
a language generating device appear as a subscript in the notation for the family
of languages generated by this device.)

Lemma 2 For s > 1, X € {REG,LIN,CF,CS,RE}, Y € {MLIN} and
f € {*7t07t17t2}u{§k7:k72k | k Z 1}

(i) T.CDx(f) € PT,.CDx(f) € PT.CDx(f),
T.CDx(f) C PT.CDx(f) C HPT.CDx and

(ii) PT,CDx(f) C HPT,CDyx C HPT.CDy and
PT.CDx(f) € HPT,CDy C HPT,CDy,

(iii) HCDy = HT,CDyx C HPT,CDy C HPT.CDy,
HT,CDyx C HT.CDx C HPT.CDx and
HT.CDx C HPT.CDyx and

(iv) T.CDy(f) C PT.CDy(f) C HPT.CDy,
HT,CDy C HPT.CDy and

(v) T:CDx(f) € TennCDx(f),
PTSCDX(f) g PT5+1CDx(f) and
HPT,CDx C HPT;,,CDx.

These relations continue to hold in the case when A-productions are allowed.

Consequently, combining some results from [KMPS 95] and [CP 93] the fol-
lowing lemma is obtained.
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Lemma 3 For f € {=1,>1,x} U{<k |k >1} and s > 2

CF = T\CD(f) c ToCD(f),
T,CD(t) C T,OD(t).

The first inclusion was proved in [KMPS 95]. It shows that there are modes
of derivation in which the forming of teams strictly increases the power of CD
grammar systems, since for f € {=1,>1,%} U{<k | k£ > 1} it is known that
CF = CD(f) holds (see Part II, Section 5.1). The second statement of the lemma
also appeared in [KMPS 95]; it shows that also in the ¢;-mode the forming of
teams strictly increases the power of CD grammar systems, since ET0L = C'D(t)
holds (see Part II, Section 5.1). The third statement says that teams of size two
suffice and it was proved in [CP 93].

In the following sections the generative power of teams of grammars will be
investigated, split into several sections according to the modes of derivation or the
type of productions that are allowed in the grammars. Section 2.1 investigates
the power of (prescribed) team CD grammar systems for the modes ¢y, t; and t,
in Subsection 2.1.1 and for the other modes of derivation in Subsection 2.1.2.

Section 2.2 deals with the generative power of the new definitions concerning
hybrid teams of grammars that appeared in Section 1.2.

In Section 2.3 the generative power of (hybrid) prescribed teams of grammars
with other productions than context-free productions in the grammars is studied.
The linear and regular cases appear in Subsection 2.3.1 and the metalinear case
appears in Subsection 2.3.2. Some special cases are considered in Subsection 2.4
and their generative power is investigated.

In Section 2.5 the effect on generative power by adding control mechanisms
to the various versions of teams in grammar systems, as proposed in Section 1.3,
is covered.

Finally, Section 3 presents a summary of the obtained results in the form of
a hierarchy-diagram. Moreover, some remaining open problems concerning the
generative power of teams of grammars are listed.

2.1 (Prescribed) teams of grammars: the context-free case

The proofs of all the results in this section can be found in [PR 94] and [FP 95].

2.1.1 The %y, t; and t, modes of derivation

The next lemma was posed in [PR 94]. Its proof there is not covering all cases
of the statement, however. The lemma is valid, though, as will be shown by the
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following proof. It is based on the proof as given in [PR 94]. A different semantics
in the notation is chosen and, of course, the cases which failed in that proof are
covered here.

Lemma 4 For s> 2

PR,. C T,CD(t,) and PR}, C T,CD*(t,).

Proof Consider a language L € PR, generated by the programmed gram-
mar
G = (N, TS P).
(Recall that productions in a programmed grammar have the form (r: A —
x,0(r),¢(r)), where r : A — x is a production over (N UT)*).
Construct the following team CD grammar system (with free teams of con-

stant size)
['=(N,T,w,P,P,....P),

where

N = NuU{A|AeN}u
{A, A | (r: A= x,0(r),p(r) € P} U
{S1,S2,D,D'} U M, where

M = {C}CZ%C3C!|re Lab(P)},

T = TU {#1, 21,

w = 515, and

P, P,,...,P, are the components P/;, 0 <i<5, j€{1,2} and

Fs;, j€{1,2} and r € Lab(P'), as below.

For all » € Lab(P'), it will be shown that these components P;, 1 < i < n,
can only form teams ()7, 0 < i < 5, consisting of two components P/, and P/,
and @) consisting of the two components Fs; and Fs 2 to generate a language at
all. The first team Q) is, for all r € Lab(P’), formed by

Py, = {S$; = D}U{X = X | X e M\{C!} and
Py, = {S;—5'C}.

These teams are initially used to set the general form DS'C!. D is a dummy
symbol which, interchanged with the other dummy symbol D', guarantees that
at any moment in time a symbol can be rewritten by each component of a team.
C! is a control symbol which, interchanged with the other control symbols C?,
C3 and C?, simulates the programming of the programmed grammar. Finally,
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S’ is the "axiom” which is going to generate L. In the end, the two control
symbols will be replaced by #; and #-,, respectively, thus yielding #;L#5. The
productions X — X will be appearing throughout the entire construction and
are constantly used as trap-rules to permit the forming of a team from P/, and
P[; for 1 < <5 with r # /. This is guaranteed by the production CJ — C’; in
the second (or Cf, — C’f, in the first) component of the teams, 1 < j < 4, which
can always be applied in the f;-mode even when the other component cannot
apply any production anymore.

The simulation is continued from S’ with a production r of Lab(P’). For every
production (r: A — x,0(r),¢(r)) € P', consider the components

P, = (A5 A A= AYU{X > X | X eM\{C}},

P, = {C; = C,,Cp = CP},

Py = {A, - AJU{X = X | X e M\ {C}}},

Py, = {CI=C}Y,

Pj, = {4 -2, A 5 AU{X > X |XeM\{C,|secoa(r)}}
Py, = {C7 = CPHU{Cy = Cy | s€a(r)},

P, = {A-AD—-D}U{X =X |XeM\{C}},

Py, = {C, =G,

P, = {D'— D} and

P5, = {C; = C5lsepr),er)#0yU{C = D' |¢(r)=0}.

The teams ()] choose which occurrence of A in the sentential form to rewrite
next, mark that one by A, and the other occurrences by A’ and hand over con-
trol to the teams @%. Note that the ¢;-mode guarantees that C! is indeed once
replaced by C? and that the trap-rules guarantee this is done for the right pro-
duction r, an essential trick in this proof. Moreover, since the teams ()} can
work only one step due to their second component, it is guaranteed that only one
occurrence of A is replaced by A, indeed.

The teams @} hand over control to ()5 and prime A,. The teams Q% simulate
production r by replacing A] by the string =, taking the primes away from the
A’s again and handing over control to C!, corresponding to a production s in the
success field of r. This process can be iterated, but eventually the teams Q] start
their work.

These teams () are used in case production r cannot be applied, thus when A
is not present in the sentential form. Their first component tests this occurrence
of A and rewrites forever if A is present. Otherwise it changes the dummy symbol
and hands over control to the teams ()5. These teams change the dummy symbol
again and hand over control to one of the productions in the failure field of r.
Do note that, in the case of an empty failure field, its second component replaces
the control symbol by the dummy symbol D’.
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Finally, the teams (g, consisting of the components

Psy = {C})— #o|re€Lab(P)}U{D — #,}U{X - X | X € N} and
Py = {D—#}U{X = X|X €N},

are used to replace the control symbol and (or) dummy symbol(s) by terminals
thus yielding a terminal string. The trap-rules guarantee that these last teams
cannot be used when any nonterminals (other than the dummy or control sym-
bols) are still present in the sentential form. Do note D' — #, in the first
component of (Js. The case of empty failure fields is handled by allowing not
only C} to be replaced by #, for all r € Lab(P'), but allowing also D’ to be
replaced by #5. This generates a terminal string, since eventually D and D’ will
be replaced by #; and #,, respectively.

The teams described above are the only ones that can be formed automatically
and work properly. This is due to the fact that trap-rules and well-chosen symbols
permit any other combination to work in the ¢;-mode of derivation. Furthermore,
the control symbols guarantee the ordering of the teams as described above.
Hence Ly, (I',2) = Ly, ([, s) = #,L#, for s > 2. From [KMPS 95] it is known
that T,C'D(t;) is a full AFL and thus closed under left and right derivatives.
Hence L € T,CD(ty) if #,L#5 € T,CD(t;) and PR,. C T;CD(t1), s > 2, is
proved.

PR}, C T,CD).(t1), s > 2, can be proved by a similar construction, even
simplified since the control symbols can eventually be replaced by A, making the
symbols #; and #5 unnecessary. O

Do note the importance of non-empty success fields in programmed gram-
mars for this proof and the one in [PR 94]. The following corollary is a direct
consequence of the proof of Lemma 4.

Corollary 1 PR,. CT,CD(t,) and PR}, C T, CD(t,).

In [PR 94] it is also proved that the same statement holds in the case of
derivation mode t,. This is done according to the same principles as in the case
of mode ¢;. Hence the proof needs to be similarly adjusted; this will not be done
here, only the lemma is stated.

Lemma 5 For s> 2

PR,. C T,CD(ty) and PR}, C T,CD(t,).

The proof of Lemma 5 in [PR 94] leads directly to the following corollary.

Corollary 2 PR,. C T,CD(t) and PR). C T, CD(ty).
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Another lemma, indirectly proved in [PR 94], is the following.
Lemma 6 For f € {t1,12}

PT.CD(f) C MAT,. and PT,CD*(f) C MAT.

It is known that PR,. = M AT,. and PR), = M AT, (see the Prerequisites),
hence the following corollary follows directly from Lemma 6.

Corollary 3 For f € {t1,t2}

PT.CD(f) C PR, and PT,CD*(f) C PR)..

Combining the lemmas and corollaries above, one of the main results of
[PR 94] is obtained, presented in the following theorem.

Theorem 1 For s > 2 and f € {t1,t3}

T,CD(f) = PT,CD(f) = PT.CD(f) = T,CD(f) = PRy and
T,CD*(f) = PT,CD*(f) = PT.CD(f) = T.CD*(f) = PR),.

The following four lemmas appeared in [FP 95].

Lemma 7

PT.CD(ty) C MAT,, and PT.CD*(t,) C MAT.

Lemma 8
MAT,, C T,CD(ty) and MAT,, C T,CD(t,).

Lemma 9 For z € {+, %}

MAT,. C T.CD(ty) and MAT} C T,CD*(t,).
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Lemma 10 For s> 3

MAT,, C T,CD(ty) and MAT), C T,CDt).

This is proved in [FP 95] to lead to the following corollary, thereby slightly
improving the statements of Lemma 4 and Corollary 1.

Corollary 4 For z € {+,x} U{2,3,4,...}

MAT,. C T,CD(t,) and MAT}, C T,CD*(t,).

Combining these results from [FP 95], the main result of that paper is ob-
tained, presented in the following theorem.

Theorem 2 For z € {+,x} U{2,3,4,...} and f € {to,t1}

MAT,, = PT,.CD(f) = T,CD(f) and MAT)}, = PT,CD*(f) = T,CD(f).

Combining Theorem 1 and 2, the following theorem is obtained.
Theorem 3 For s > 2 and f € {to,t1,t2}

T,0D(f) = PT,CD(f) = PT.CD(f) = T.CD(f) and
T,0D(f) = PT,CD*(f) = PT.CD*(f) = T.CD*(f).

2.1.2 The other modes of derivation

The following lemma is stated and proved in [PR 94].
Lemma 11 Fors > 2 and f € {«} U{<k,=k, >k | k> 1}
PR C PT,CD(f) and PR* C PT,CD*(f).

The next lemma is indirectly proved in [PR 94].
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Lemma 12 For f € {x} U {<k,=k, >k | k> 1}

PT.CD(f) C MAT and PT.CD*(f) C MAT".

It is known that PR = MAT and PR* = MAT* (see the Prerequisites),
hence the following corollary follows directly from Lemma 12.

Corollary 5 For f € {x} U{<k,=k,>k |k > 1}

PT.CD(f) C PR and PT,CD*(f) C PR

Combining Lemma 2 and Corollary 5, the following corollary is obtained.
Corollary 6 For f € {x} U{<k,=k,>k |k > 1}

T.CD(f) C PR and T,CD*(f) C PR

Combining Lemma 2 and the two previous lemmas above, another main result
of [PR 94] is obtained, presented in the following theorem.

Theorem 4 For s >2 and f € {x} U{<k,=k, >k |k > 1}

PT,CD(f) = PT.CD(f) = PR and PT,CD(f) = PT.CD*(f) = PR

The following theorem is an important corollary of the above results. Its
proof is a combination of Theorem 1, 2 and 4 and some proper inclusions stated
in the Prerequisites concerning programmed grammars with or without A-free
productions and/or appearance checking.

Theorem 5 For s > 2, f € {x}U{<k,=k,>k |k > 1} and g € {to, 11,12}

PT,CD(f) c PT,CD(g), PT,CD(f) C PT.CD(y),
PT,CD*(f) C PT,CD*(g) and PT,CD*(f) C PT,CD(g).
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2.1.3 Weak versus strong rewriting

It is not hard to see that the principle of weak rewriting, not having to apply
productions if they cannot be applied, resembles the appearance checking feature
in regulated rewriting. Therefore, the following two lemmas do not come as a
surprise. In this section, a restriction to only one production per component
will be indicated by a 1 added as subscript. To be even more precise, denote
U, SCy for the class of unordered scattered context grammars with unconditional
transfer and m scattered context rules and denote P,,T,,C'D;(f) for the class of
prescribed team CD grammar systems with m teams of variable size, 1 production
per component, operating in mode f and rewriting in the weak rewriting step.

Lemma 13 Form >1 and f € {=1,>1,x} U{<k | k> 1}

UpnSCy C PyT,,CD:(f) and U,,SC, C P, T,,CD(f).

Proof Consider an unordered scattered context grammar
GI — (NI,T,,SI,P,,F,)

with unconditional transfer and m scattered context rules. Moreover, for P’ =

{p1,p2, .. som}, Di (i i, .o k) = (Bin, Bigy -y Big,) and 1 < @ < m,
denote
rij = @ — By for 1 < j <.

To simulate this unordered scattered context grammar, construct the prescribed
team CD grammar system

F: (N7T757P17P27'"7Pn7Q17Q27"'7Qm)7
where
= N’
Tl
SI
P, P,,...,P, are the components {r;;} for1 <j <k;and 1 <i<m and

Ql; QQ, .. .,Qm are the teams {{Tl,j}; {7"2,]'}, Ceey {de'}} for 1 S ] S kz and
1<t <m.

)

n N =2
|

A parallel rewriting step of an unordered scattered context grammar is sim-
ulated by a parallel rewriting step of a team, with its components being exactly
the same productions as in the scattered context rule. Every component contains
exactly one such a production and the number of teams equals the number of
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scattered context rules. Any production in G’ as well as in I" does not have to be
applied, if it cannot be applied to the sentential form.

Note that the proof requires the unordered character of the scattered context
grammar, for a component of a team can rewrite any occurrence of the left-hand
side of its production in the current sentential form. Since a team has to simulate
the use of a scattered context rule, its mode of derivation is restricted to the cases
as stated in the lemma. Clearly, L(I') = L(G") and the lemma is proved for the
case with as well as the case without A-productions. O

Lemma 14 Form >1 and f € {=1,>1,x}U{<k |k > 1}

P, T,CD.(f) € U,,SCy and P, T,CD;(f) C U,,SC3,.

Proof Consider a prescribed team CD grammar system

I'= (NaTa‘SaPlaP?a'"7Pn7Q17Q27"'7Qm)
with 1 production per component. Define for Q; = {F;,, P, .. .,Piki} and 1 <
1 <m
-F)ij = {O{ij — /87,]} for 1 S] S kl

To simulate this prescribed team CD grammar system, construct the unordered
scattered context grammar

GI — (NI,T,,SI,P,,F,)

with m scattered context rules, where

N’ = N,
T = T,
S = S,
P = {p1,p2y -, Pm} with, for 1 <i <m,

pi: (ailaaim v '7aiki) — (ﬁilaﬁim .. 7/87,1%) and
F' contains every production in P’.

A parallel rewriting step of a prescribed team CD grammar system operating
in mode =1, > 1, x or <k (for a k > 1) is simulated by exactly one, at
least one, an arbitrary number of or at most k (for a k£ > 1) parallel rewriting
step(s) of a scattered context rule, with the one production of every component
of a team remaining exactly the same production in the corresponding scattered
context rule. Every scattered context rule corresponds to a team and the amount
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of scattered context rules thus equals the amount of teams. Moreover, every
production in G’ as well as in I" does not have to be applied, as long as it cannot
be applied to the sentential form.

Note that the proof requires the unordered character of the scattered con-
text grammar, for a component of a team may rewrite any occurrence of the
left-hand side of its production in the current sentential form. Since a scattered
context grammar has to be able to simulate the use of a team by applying the
corresponding scattered context rule several times, the modes of derivation for
which the statement holds are restricted to the cases mentioned above. Clearly,
L(T'") = L(G') and the lemma is proved for the case with as well as the case
without A-productions. O

The main result of this section is presented in the following theorem.

Theorem 6 Form > 1, x € {s,x}, f e {=1,>1,x}U{<Ek | k > 1} and
gexyUl<k,=k,>k|[k>1}

UnSCui = P, T,CD,(f) ¢ PT,CD(g) and
UnSCy, = PT,CDYNf) & PT,CD(g).

u

Proof The equalities follow from Lemma 13 and 14. In [Fer 95] it was
proved that PR,; ¢ PR and PR}, ¢ PR, hence with some equalities stated in
the Prerequisites and Theorem 4 one obtains the proof of this theorem. O

Since ETOL C USCy; and CD(t) = ETOL (see the Prerequisites), a pre-
scribed team CD grammar system with only one production per component,
operating in the weak rewriting step and one of the derivation modes f of The-
orem 6 can already generate more than a CD grammar system working in mode
t can. The inclusion PR,; C PR),, which was proved in [Fer 95], leads to a

ut?
corollary from Theorem 6 worth mentioning.

Corollary 7 For f € {=1,>1,x}U{<k |k > 1}
PT,CDi(f) € PT,CDI(f).

2.2 Hybrid (prescribed) teams of grammars: the context-
free case

It is natural to ask whether results similar to those that were stated in Section 2.1,
can be obtained for the new definitions concerning hybrid teams of grammars that
appeared in Section 1.2. Indeed, some similar results for the hybrid cases will

61



be proved below, but some open problems remain. All results in this section are
new.

To begin with, some results on prescribed hybrid team CD grammar sys-
tems are presented. The next corollaries immediately follow from results in the
previous section.

Corollary 8 For s> 2

PR,. C HPT,CD and PR), C HPT,CD.

Corollary 9 PR,. C HPT,CD and PR), C HPT,CD"*.

Some results concerning the heterogeneous case of teams in grammar systems
are presented next.

Lemma 15 HPT,.CD C MAT,, and HPT,CD» C MAT?.

Proof Consider the hybrid prescribed team CD grammar system

F: (N7T757P17P27"'7Pn7(Qlafl)a(QZ:f?)a"'a(Qmafm))-
Define the homomorphism A from (N UT)* into ({A' | A€ N} UT)* by

h(a) =a for a € T and h(A) = A’ for A € N.

Moreover, associate to a team Q; = {P;,, P,,, .. .,R—Si}, 1 <1 < m, all sequences
of productions such that from each component P;;, 1 < j < s;, exactly one
production is included in such a sequence. Denote such a sequence by o =
(Ay, = z,...,A; — x,) and all such sequences associated to a team @); by
Seqi = {O'il,O'iz,. . ‘7Uili}7 1 S ? S m.

To simulate this hybrid CD grammar system with prescribed teams, construct
the following matrix grammar

G'=(N',T', 8", M, F"),

where
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N' = NU{A'|AEN}U{T,F}U{Eij,E;j|1§j§li,1§i§m}u
{[Qi, 9], [Qi to] | (Qi, 95) €T, g5 € {*,t0, t1, 12}, 1 < i < m},
T = TU{z},
M = {(8"—= ST)}u
{(T' = [Qi, fi,0)) | fi € {<k, =k, >k}, 1 <i<m}U
{(T = [Qi,gi]) | g € {*,%0,11,12},1 < i <m}U
{([Qzafu]] — [QZ)fl7j+1]7A1 — h(xl)aAZ — h(x2)7"'7As — h(xs)) |
OgjSk_]-a(Qiafi):{&17&27"'7‘[)]'3}7147_>xrGPjM
fi€{<k,=k, >k}, 1 <i<m,1<r<s}uU
{([Qi, >k, k] = [Qi, >k, k], Ay — h(xy), Ay — h(xa),. .., As — h(zy)) |
(Qi,Zk):{le,ij...,f)js},Ar—)l',«GPjT,ISiSm,ISTSS}U
{([Qzagz] — [Qiagi]aAl — h(x1)7A2 — h(xZ)a .. '7As — h(xs)) |
(Qiagi):{leapjza"'apjs}aAr_}xrEpjmgie{*atﬂatl;t?}a
1<i<m,1<r<s}U
{([Qito] = %5) [1 <i<m}pU
{(Eij—>E;j+1,141—>801,A2—>802,---a145—>%05)|
oy, = (Ay = 1,..., Ag = x,), 0, € {A,, F}, o, = F must hold for
at least oner, 1 <r<s,1<j<[—-1,1<i<m}U
{(Z;,i — (@i, to], AL = 01, A0 = o, .., Ay — ) |
oy, = (A1 = 71,0, As = 35), 01 € {A],F}, ¢, = F must hold for
at least one r, 1 <r <s,1<i<m}U
{(Z, =25, A > FA - F . A - F)|
{Al,AQ,,Ak,}:N,lS]SlZ,lSZSm}U
{(A > A)|Ae N} U
1<i<m,0<j<k}U
{([Qzatﬂ],_)TaAll_}FaAIZ_)Fa7A;c_>F)|
{A17A277Ak}:N71§2§m}U
{([Qlatl]_>T7A1_>F7All_>FaA2_>F7AI2_>F77A;"_>F)|
{A17A27---7Ar}: U dom(PJ)alglgm}U
P;e(Qist1)
{([Qi ts] = T, Ay - F,A| - F,Ay - FA, - F,..., Al - F)|
{A1, Ay, ..., A} = dom(P;) for some P € (Qj,t2),1 <i<m}U
{(T — 2)} and
in F' are all the productions A — F appearing in M’.
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The simulation of ' starts with introducing the sentential form S7', in which
S is the start-symbol of I' and 7" is a marker. The marker will control the
derivation and S will generate the language of the hybrid CD grammar system
with prescribed teams. This marker is non-deterministically replaced by a control
symbol of the form [Q;, f;, j] or [Q;, g;]. In these nonterminals, @); is the team
operating in mode f; or ¢g; and j is a counter, necessary for the modes f; € {<
k,=k,>k}. With teams operating in mode g; € {x, o, t1,%2} we do not need to
count and the third component is omitted.

When the marker [Q;, fi, 7] ([Q:, gi]) is present in the sentential form a sim-
ulation by @; in mode f; (g;) is simulated. The homomorphism A priming all
nonterminals in the matrices is necessary to guarantee that the productions are
applied to nonterminals that were already existing in the sentential form before
these matrices were applied and not to those introduced by a production from
these matrices themselves. The counter in the case of modes <k, =k and >k
guarantees that a team rewrites the sentential form less than k, exactly & or at
least k times, respectively. In case of mode %, ty, t; and t, there is no counting
at all.

In case of t; and t5, however, the productions in the set F' guarantee that a
team does not stop rewriting until no more component or at least one component
of the team can no longer be used, respectively. Finally, in mode ¢y, the symbol
[Q:, to] can be replaced only by 3, . This symbol can then be replaced by Z;Hl
and back to X;;,, until ¥ ~is reached. In this way the correct termination of @;
in mode %, is checked, by the following restrictions.

Firstly, Y;; can only be replaced by E;Hl if the corresponding sequence of
productions indeed cannot be used anymore. An F'is introduced otherwise, since
each sequence must have at least one ¢, = F. Secondly, Z;Hl is allowed to
be replaced by ¥; , only after all primed symbols have been replaced by their
originals. Finally, ¥} ~can only be replaced by [Q;,t]" after indeed none of the
sequences X;., 1 < j § [;, can be used and then eventually be replaced by T

In every case, afterwards the primes are removed and another team can non-
deterministically take the marker spot and start its simulation in its mode. Even-
tually a terminal string results from S followed by the marker 7. This marker is
then replaced by z thus yielding L(G") = L(I'){z}. This symbol z can be removed
by a morphism and thus, since it is known from [DP 89] that the family M AT,.
is closed under restricted morphisms, L(I') € M AT,. and the first statement of
the lemma is proved.

HPT.CD*» C MAT,, can be proved directly by a similar construction, even
simplified since the marker can eventually be replaced by A, making the use of a
morphism unnecessary. O

It is known that PR,. = M AT,. and PR), = M AT). (see the Prerequisites),
hence the following corollary follows directly from Lemma 15.

64



Corollary 10 HPT.CD C PR, and HPT,CD* C PR)..

These results for hybrid CD grammar systems with prescribed teams im-
mediately lead to a result for hybrid CD grammar systems with automatically
formed teams, presented next. It is a direct consequence of combining the known
equalities concerning programmed grammars and matrix grammars (see the Pre-
requisites) with Lemma 2 and 15.

Corollary 11 Fors>1

HT,CD C HT.CD C PR, and HT\CD* C HT.CD* C PR)..

Combining these lemmas and corollaries concerning the new definitions, the
main result of this section is obtained.

Theorem 7 For s > 2

HT,CD C HPT.CD = HPT,CD = PR, and
HT.CD* C HPT,CD* = HPT,CD* = PR)..

2.3 (Hybrid) prescribed teams of grammars: other cases

In the previous section, results concerning hybrid (prescribed) team CD grammar
systems with context-free productions were presented. In this section some results
concerning a restriction to regular, linear or metalinear types of productions will
be presented and not only for the hybrid case. All results in this section are new.

Recall the fact that, whether free or prescribed, teams with constant size are
allowed to have a string axiom, whereas teams of variable size always have a
single start symbol.

2.3.1 The regular and the linear case

First, a result for the regular case of prescribed team CD grammar systems with
constant team-size 1 is presented.

Lemma 16 For f € {xt}U{<k,=k,>k |k > 1} andg € {=k, >k | k >

2} U {t(]atlat?}
REG = CDREg(f) C PTchREg(g)
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Proof The equality is proved in [CDKP 94a]. Moreover, it is obvious
that CDgpg(f) € PT'CDgrpc(g) for f € {xt}U{<k,=k, >k | k > 1} and
g € {*,19,t1,t2} U{<k,=k,>k | k > 1}. Furthermore, the prescribed team CD
grammar system, with teams of constant size 1,

F14 - ({A07A67A17A117 .- ‘7A;§—27 BaBl}a {aa b}aABa-PlaP?aPi% {Pl}a {PQ}a {P3})7
where

P1 = {AU — AlaAl — AQ,...,A}C,Q — GAE),B — bBI},
P, = {A)— A|JA] = AL, .. AL, — Ay, B'— B} and
P3 = {A—>A1,A1—>A2,...,Ak,2—>a,B—>b}.

contains only regular productions and it generates L;(I';4,1) = {a"b" | n > 1} €
PTiCDgrpa(f) \ REG for f € {=k, >k | k> 2} U {to, 11,12} 0

Hence already a prescribed team CD grammar system with only regular pro-
ductions and teams of size 1 can generate more than the class of regular languages
and more than a CD grammar system with only regular productions. The next
lemma states that also in the linear case the prescribed team CD grammar sys-
tems with teams of any constant size can generate more than the class of linear
languages as well as more than CD grammar systems with only linear produc-
tions.

Lemma 17 For f € {xt} U{<k,=k,>Fk | k
2} U {to,tl,tg} and gl € {*,to,tl,tz} U {Sk‘,:k, 2

LIN = CDyn(f) C PTyCDrix(9) € PTLCD(g') = CD(f).

Proof The first equality can be proved with a similar proof as for the
regular case (see Lemma 16) and CDp;n(f) € PTiCDy;n(g) is obvious, for
fe{xt}U{<k,=k,>k|k>1}and g € {*,to,t1,t2} U{<k,=k, >k |k >1}.
Furthermore, the prescribed team CD grammar system, with teams of constant
size 1,

1—‘15:({1407 A67 Ala Alla H '7A;c—27 Ba B,}a {aa ba C}a AB: Pl; P27 P37 {Pl}a {P2}7 {P3})7
where

P1 = {AU — AlaAl — AQ, .. -;Ak72 — aA:)b,B — CBI},
P, = {A)— A A — A, A,_, — Ay, B'— B} and
Py = {A—>A1,A1—>A2,...,Ak_2—>ab,B—>c}.
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contains only linear productions and it generates L;(I'j5,1) = {a"0"c" | n > 1} €
PTchL]N(f) \ LIN for f € {: k‘, >k | k> 2} U {to,tl,tz}. The last inclusion
in the statement of the lemma is obvious and to prove the last equality, only
the inclusion PT1CD(g") C C'D(f) is not obvious. To prove this inclusion, all
teams of size 1 become a component of the CD grammar system and a component
{S—= 8,5 = w|we W}, S being the axiom of the CD grammar system and W
being the finite set of string axioms of the prescribed team CD grammar system
with teams of constant size, is added. The mode of derivation remains the same,
except that for ty, £; and ¢, it becomes ¢. O

These two results lead to the following corollary for prescribed hybrid team
CD grammar systems with teams of constant size 1 and only regular or linear
productions.

Corollary 12

REG = HCDREG C HPTchREG C HPT\CDyrn and
LIN = HCDpy Cc HPT\CDpjy € HPTICD = HCD.

Proof The equality REG = HCDpgpg is proved in [Mit 93], a similar
proof can prove this equality for the linear case as well. The inclusions of hybrid
CD grammar systems with only regular or linear productions in prescribed hy-
brid team CD grammar systems with teams of constant size 1 and only regular
or linear productions, respectively, are obvious. Moreover, the combination of
Lemma 2, 16 and 17 proves their properness. The remaining two inclusions are

obvious again and the last equality can be proven with a similar construction as
for the proof of PT1C'D(¢') = CD(f) in Lemma 17. O

Hence also prescribed hybrid team CD grammar systems with only regular
(linear) productions and teams of size 1 can generate more than the class of
regular (linear) languages as well as more than hybrid CD grammar systems
with only regular (linear) productions can.

In fact, the following holds. To be more precise, denote (H)P,TCDx(f)
for the class of (hybrid) prescribed team CD grammar systems with at most n
occurrences of nonterminals in the string axiom, teams of size 1, only components
of type X and operating in mode f (omitted in the hybrid case).

Theorem 8 Forn > 1, X € {REG,LIN} and f € {to,t1,t2} U{=k, >k | k >
2}
HPnTchX = PnTICDX(f) = SMX(TL) =
SM3(n) = P,T\CD%(f) = HP,T,CD%.
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Proof In [CDKP 94a|, so-called extended C'D’ grammar systems were
defined. In the terminology of this thesis, these systems are CD grammar systems
with a string axiom. In [DP 92] these extended C'D’ grammar systems with only
regular productions, at most n nonterminals in the string axiom and working in
mode f € {t}U{=k,>k |k > 2} (E,CD%kg:(f)) are proved to be equal to the
regular simple matrix grammars of degree n.

Clearly, E,,CD%ype(f) = P,T1CDgrpg(f) for f € {«} U{<k,=k, >k |k > 1}
and E,CDypa(t) = P,T1CDgrrc(g) for g € {ty,t1,t2}. When observing the
proof, it can be seen that it holds for the linear case as well. Moreover, the
construction can easily be modified to hold for the hybrid case as well. (One just
has to code all nonterminals in a similar way as this was done in the proof of
Lemma 15, thus indicating which mode is currently being simulated.) Finally,
SM3%(n) = SMx(n) for X € {REG,LIN} was proved in [Paun 81] and the
proof can thus be seen to hold for both the case of forbidding as well as for the
case of allowing A-productions. O

This theorem has some interesting corollaries, since the families of regular and
linear simple matrix grammars are well-investigated. A survey of simple matrix
grammars can be found in [DP 89], where the proofs of the results corresponding
to the coming corollaries can be found.

Corollary 13 Forn > 1 and f € {to,t1,t2} U{=k, >k | k > 2}
PnTchREg(f) - HPnTICDREG C PnTICDLIN(f) — HPnTchL[N.

Corollary 14 The number of nonterminal occurrences in the axioms of pre-
scribed team CD grammar systems, with teams of size 1 and only regular or
only linear productions, defines an infinite hierarchy of languages generated in all
modes f € {to,t1,to} U{=k, >k | k > 2}. The same holds for the hybrid versions
of these families of languages.

Corollary 15 For s > 1 and f € {to,t1,t2} U{=k,>k | k > 2}

(H)PTsCDgrgrg(f) is incomparable with LIN and
(H)PT,CDpin(f) is incomparable with CF.

The question is now what can be said about the generative power of prescribed
(hybrid) team CD grammar systems with only regular or linear productions and
teams of constant size s, for s > 2. From Theorem 1, 2, 4 and 7, a comparison with
the programmed (or matrix) grammars with only regular or linear productions
seems natural. These, however, are equal to the classes of regular and linear
languages, respectively, even when appearance checking is used. The proofs for
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these equalities in the regular case can be found in [DP 89] and the proofs for the
linear case can be proved similarly. Hence the inclusions PRrrq¢ = PRrEG,ac C
PTchREg(f) and PRy;n = PRLIN,ac C PTchREg(f) are obvious.

Moreover, the equalities between the programmed grammars and matrix gram-
mars hold in the regular and linear case as well, even with appearance checking.
Again, proofs of these equalities can be found in [DP 89]. Note that these proper
inclusions hold already for teams of constant size 1. Thus to find a good compar-
ison for the generative power of prescribed (hybrid) team CD grammar systems
with only regular or linear productions and teams of constant size s, s > 2,
remains an open problem. It is formulated in Section 3.

After these results for prescribed (hybrid) team CD grammar systems with
teams of constant size, some results for the case of teams of variable size are
presented next. The difference is the use of a single nonterminal as axiom in the
case of teams of variable size, whereas in the case of teams with constant size
a finite set of string axioms, with only one of them containing nonterminals, is
used.

Lemma 18 For f € {x,to,t1,t2} U{<k,=k,>k | k > 1}

HPT*CDREG = PT*CDREg(f) = REG and
HPT,CDy;y = PT.CDyy(f) = LIN.

Proof For teams with more than one component at least two nontermi-
nals must be present in a sentential form, in order to use that team to rewrite
that sentential form. This is in contradiction with the facts that every I' €
{HPT.CDggg, PT.CDgrpc(f), HPT.CDpin, PT.CDpin(f) | f € {*,t0,t1,t2}U
{<k,=k,>k | k > 1}} has a single nonterminal as axiom and regular or linear
productions, respectively. For teams of size one, the equality with (hybrid) CD
grammar systems is obvious for the regular case as well as for the linear case,
keeping in mind the use of a single nonterminal as axiom. From [CDKP 94a]
([Mit 93]) it is known that (hybrid) CD grammar systems with only regular pro-
ductions do not generate more than the class of regular languages and similar
proofs can be used to prove these results for the linear case as well. O

2.3.2 The metalinear case

From the proof of the last lemma in the previous section, it may be expected
that the (hybrid) prescribed team CD grammar systems with teams of variable
size and metalinear productions are able to generate languages beyond the class
of regular or linear languages. Indeed, the following lemma holds.
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Lemma 19 For f € {x,t}U{<k,=k,>k |k > 1} and g € {=1,>1,%,to,t1,t2}
U{<k [k >1}}

ML[N = CDML]N(f) = HCDMLIN C PT*CDMLIN(Q)

Proof The first two equalities can be proved by the proofs of REG =
CDgrrc(f) ([CDKP 94a]) and REG = HCDgge ([Mit 93]), with the obvious
modifications. Furthermore, it is clear that MLIN C PT.CDyrin(f), for f €
{x,to,t1,ta} U{< k,=k,>k | k > 1}}. Moreover, the prescribed team CD
grammar system

Fl? = ({S7A7B70}7{aabac}a‘SaPlaP?a-"7P77{Pl}a{P27P37P4}7{P57P67P7})7
with teams of variable size and the metalinear productions

Plz{S%ABC}, PQZ{A%GA}, P5:{A—>CL},
P; ={B — bB}, Py ={B — b},
Py={C —c¢C}and P;,={C — c}.

generates L(I'y7) = {a™0"c™ | n > 1} € PT.CDypin(f) \ CF, for f € {=
1,>1,%,tp,t1,t2} U{< k | £ > 1}}. Since it is known (see e.g. [Sal 73]) that
{a™"c" |n > 1} € C'S\ CF and from the Chomsky hierarchy (see the Prerequi-
sites) that MLIN C CF C CS, the inclusion is proper indeed. a

Hence even languages beyond the class of metalinear languages can be gen-
erated already by a prescribed team CD grammar system with teams of variable
size and metalinear productions for some modes of derivation. For prescribed
team CD grammar systems with teams of constant size, no version containing
only metalinear productions is defined due to the string axiom they already pos-
sess. Note, however, that the lemma above does not cover all modes of derivation,
which Lemma 22 below will.

The following theorem is obtained by combining the results of the previous
section and the results obtained so far in this section.

Theorem 9 For f € {x,ty,t1,to2} U{<k,=k, >k | k> 1} and g € {=1,>
1,*,t0,t1,t2}U{§k|]€21}

PT*CDREg(f) - HPT*CDRE‘G - PT*CDL]N(f) - HPT*CDL[N C
MLIN C PT*CDML]N(Q) C HPT*CDML]N.
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The question is now how far these (hybrid) prescribed team CD grammar
systems with teams of variable size and metalinear productions extend beyond
the class of metalinear languages. Before presenting a theorem that answers this
question, two lemmas are needed.

The proofs of these lemmas are given because the metalinear case is not
covered in [DP 89]. Moreover, since the proofs are based on the proofs for the
context-free case in [DP 89|, they explain the techniques that are used to prove
those frequently used results of the next lemmas in the context-free case.

Lemma 20

USCurin € PRyrin, USChiin € PRy 1w
USCuringe © PRyring and USC]/}/[LIN,GC - PRﬁ/[LIN,ac-

Proof Only the third inclusion is proved here, the others can be proved
in a similar way. Consider an unordered scattered context grammar

G = (N,T,S,P,F)
with appearance checking and only metalinear productions. Define the homo-
morphism A from (N UT)* into ({A' | A€ N} UT)* by
h(a) =a for a € T and h(A) = A’ for A € N.

Next, foraruler : (a1, as,...,a,) = (81, 3o, ..., 3) € P, denote h(316>...05,) =
wy BiwyBYy . cwp Bl w1 with w; € T* for 1 < i < m + 1. To simulate this
scattered context grammar with appearance checking, construct the programmed
grammar with appearance checking

G'=(N',T',S', P,

where

N’ = NU{A'|Ae N}u{s'},

T' = T and

P" contains for S’ the starting productions (s : S" — S, {[r,1,0] | r € P},0)

and for every production 7 : (aq, o, ..., o) = (61, B2, - -, Bn)
in P the productions
([r,7,0] : c; = h(5;),{[r,i+1,0},{0 | a; — 3; ¢ F} U

{[r,i+1,0] | oy — fB; € F}),
([r,n, 0] = a = B(Bn), {r, 1,11}, {0 | o — B ¢ F}U

{[r,1,1] | an — Bn € F}),

([r,5,1] - By — By),{[r,j + 1,1]},{[r,j + 1,1]}) and
([r,m,1] - By, = B), {lp,1,0] | p € P}, {[p,1,0] | p € P})
fori1<i<nand1l<j<m.
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Since the scattered context grammar contains only metalinear productions, it
is clear that also the productions in this programmed grammar are all metalinear.
Moreover, the productions in the programmed grammar simulating the produc-
tions in a scattered context rule are applied in a fixed order, possibly passing
over a production in case it is contained in F'. The use of primes guarantees that
the simulating productions are applied only to nonterminals already appearing
in the sentential form to be rewritten and not to the ones introduced by a former
production of the scattered context rule that is being simulated.

This allows the parallel fashion of a scattered context rule to be simulated
by the sequential order of programmed grammar productions. Note that the
proof requires the unordered characteristic of the scattered context grammar,
for a production o« — [ can rewrite any occurrence of « in the current senten-
tial form. Obviously, L(G) = L(G") and thus USCuyrinee € PRyrin,gc holds. O

Lemma 21

MATMLIN,ac g USCMLIN,ac and MAT]f\/[LIN,ac g USC])\\/[LIN,ac'

Proof Again, only the third inclusion is proved, the others can be proved
in a similar way. Consider a matrix grammar

G=(N,T,S,M,F)
with appearance checking and only metalinear productions. Denote

Lab(M) = {mi,j | m; : (al _>517Q2 _>527"'705n _>ﬂn) € M;
M={my,mg,....mp}1<i<m,1<j<n}

To simulate this matrix grammar with appearance checking, construct the un-
ordered scattered context grammar with appearance checking

G'= (N, T',S' P F),

where
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N’ = NU{[o,f]|ae (NUT),B € Lab(M)} U{S'},
T = T
P' contains for S’ the starting rules (S") — ([S,m;1]) for 1 <i <n and
for every matrix (with only metalinear productions)
m; : (o = Biyr, o = Baya, -y 0y = Brn) € M,
B; € (NUT), v;e (NUT)*and1<j<mn
the scattered context rules

([aj, mijl) = ([Bj, mijya]7s),

([, min]) = (B M1l 7m),

([6, mi ), ) = ([0, mij], B57;),
([0, minl, an) = ([0, My 1], Buyn) and
([r, mia]) = (7)

for1<i,k<m, d€ (NUT)and 7 € T" and
F' = F.

The matrices can be simulated by unordered scattered context rules by adding
a label to every symbol of the alphabet. The matrices are split and for every
production of it some scattered context rules are created. The labels define an
ordering on the use of the various scattered context rules, thus simulating the
strict order of matrices by unordered scattered context rules.

At any moment in time, the number of symbols with a label in the sentential
form is zero or one. This can be seen from the definitions. If the number is zero,
either the sentential form is a terminal one and the derivation is terminated or
the sentential form contains a nonterminal and the derivation is blocked since
every rule requires a labeled symbol (except the initial rules). If the number is
one, it can be replaced by another labeled symbol (the label being the one of the
next production in the matrix or the one of the first production of a new matrix
if it was the last production of the matrix) while rewriting the symbol according
to the production of a matrix being simulated.

Naturally, a production of a scattered context rule can be ”passed over” if
the same production could be passed over in the matrix grammar, in which case
the other production of the scattered context rule replaces the label by the label
from the next production in the matrix or the one from the first production of
a new matrix if this was the last production of the matrix. Naturally, termi-
nating rules eliminating the labels are present, to be used only when a matrix
has been completely simulated. It can now be seen that L(G) = L(G') and
MATvzing € USCurin,ge holds. a
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Theorem 10 For f € {x} U {<k,=k,>k |k > 1} and g € {to, 11,12}

USCyrin=PRyrpin=MATyin=PT.CDypin(f) CHPT.CDypin,
USCyrinage=PRuyring=MATyv1in e =PT.CDypin(9) =HPT.CDypin,

USC]/}/[LIN = PR%/[LIN = MAT]\/\/[LIN = PT*CDJ)\\/[LIN (f) - HPT*CDJ)\\/[LIN and
USC])\\4LIN,ac = PR?/[LIN,ac = MATJ\)ZLIN,M = PT*OD])\\4LIN(9) = HPT*CD?MIN-

Proof It is easy to see from their proofs that Lemma 4 and 5 hold in the
case of only metalinear productions as well. Likewise, also Lemma 11 holds in the
metalinear case too. Finally, also Lemma 12 and 15 continue to hold in the case of
a restriction to metalinear productions. The theorem is hence a simple combina-
tion of Lemma 20, 11, 2, 12 and 21 for the equalities without appearance checking;
the inclusion being from Lemma 2. The equalities with appearance checking of
the theorem follow from the combination of Lemma 20, 4 and 5, 2, 15 and 21. O

Remark 2 Note that this theorem strengthens Theorem 9 to an equality for
modes ty, t1 and ty instead of the last inclusion there. An open problem remains,
however, for the other modes of derivation. It is formulated in Section 3.

The next lemma strengthens Lemma 19, and thereby Theorem 9, even more.
Lemma 22 For f € {x}U{<k,=k,>k |k > 1} and g € {to, 11,12}

MLIN C USCyriny = PRypiv = MAT vy = PT*CDMLIN(f) C
PT*CDMLIN(Q) = HPT.CDypin-

Proof The first three equalities are proved in Theorem 10. Moreover, the
unordered scattered context grammar

Gl = ({Sa Av Ba C}v {aa ba C}, S, {p17p27p3})7
with the rules (consisting of only metalinear productions)

P o (S) — (ABC),

pe : (A,B,C)— (aA,bB,cC) and

ps : (A,B,C)—(a,b,c)
generates L(G1) = {a"b"c" | n > 1} € USCypry \ CF. Since it is known (see
e.g. [Sal 73]) that {a"b"c" | n > 1} € C'S\ CF and from the Chomsky hierarchy
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(see the Prerequisites) that MLIN C CF C CS, the first inclusion is proper
indeed. The last inclusion is obvious, since clearly USCyriv € USCrrin e and,
according to Theorem 10, USCyrrinac = PT.CDypin(f) for f € {to,t1,t2}. Fi-
nally, the last equality was proved in Theorem 10. O

Hence already an unordered scattered context, programmed or matrix gram-
mar without appearance checking and with A-free productions and only metalin-
ear productions can generate languages beyond the class of metalinear languages.
Moreover, also a prescribed team CD grammar system (for all modes of deriva-
tion) and a hybrid prescribed team CD grammar system, both with teams of
variable size and only metalinear productions, can already generate languages
beyond this class of metalinear languages.

For matrix and programmed grammars (with appearance checking) and reg-
ular, linear, context-sensitive or recursively enumerable productions only, it is
known (see e.g. [DP 89]) that these cannot generate more than the class of reg-
ular, linear, context-sensitive or recursively enumerable languages, respectively.
Hence, no interesting results may be expected for unordered scattered context
grammars in these cases either.

The next lemma says something about the relation between prescribed team
CD grammar systems with teams of bounded size and exactly 1 metalinear pro-
duction per component and linear simple matrix grammars of degree n. Be-
cause of Theorem 8 and its corollaries, this establishes a relation, presented in
Corollary 16 right after the coming proof, with the (hybrid) prescribed team CD
grammar systems with teams of size 1 and linear or regular productions only.

To be more precise, denote PT(1,)CDyprn,i(f) for the class of prescribed
team CD grammar systems with teams of size 1 for the teams containing a pro-
duction with the axiom as its left-hand side, teams of size n for the teams con-
taining other productions, only 1 production per component (the second 1 in the
notation), operating in mode f and containing only metalinear productions.

Lemma 23 Forn>1 and f € {=1,>1,%,ty,t;, 6} U{<k | k > 1}

SMpin(n) € PTn)C Dy, (f)-

Proof Consider the linear simple matrix grammar
G' = (N{,Ny,...,N.,T',S" M)

of degree k, k > 1. To simulate this linear simple matrix grammar, construct the
prescribed team CD grammar system

I'= (NaTasa-PlaP?a'"7Pn7Q17Q27"'7Qm)7
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where

n
N = U N,
i—1
T = T,
S = 9,
P, P,, ... P, are the components {a — [} for every o — (3 in matrices

of M', ae {S'yUJ N, and g € (| N UT)* and
i=1 i=1

Q1,Q2,...,Qn are the teams {{S — (}} for every matrix (S" — ) € M’
and # € | JN;UT* and

i=1
the teams {{A; — z;}} for every matrix of the form
(Al —)l‘l,AQ —>x2,...,Ak — ZL‘k) € M’,Ai € NZI

r; € (NJUT) and 1 <i,j < k.

Note that due to the pairwise disjoint alphabets of simple matrix languages
a production A; — z;, 1 < j <k, does not rewrite a nonterminal introduced by
a production 4; — z;, 1 < ¢ < j < k, of the same matrix, but a nonterminal
already present in the sentential form before applying this particular matrix to
it. It is this property of simple matrix grammars that allows the strict sequential
order of rewriting of them to be simulated by one parallel rewriting step of a
team of a prescribed team CD grammar system.

Do note also that a characteristic of linear simple matrix grammars is that
there can never be two of the same nonterminals in any sentential form. Hence
leftmost rewriting is equal to free rewriting in linear simple matrix grammars,
thus free rewriting in the simulating prescribed team CD grammar system suf-
fices. These notes imply the restriction to the modes of derivation as stated in
the lemma. Moreover, the metalinear productions of the prescribed team CD
grammar system allow exactly the axiom to be the left-hand side of non-linear
productions, which are precisely the only non-linear productions in a linear simple
matrix grammar.

It is clear that L(G') = L(T'). Furthermore, it is easy to see that teams with
one component are constructed for productions with the axiom as left-hand side
and teams of £ components, k being the degree of the simple matrix grammar,
are constructed for the other productions. Moreover, all these components of the
prescribed team CD grammar system contain only one production. a

Compare the following relations with Theorem 9.
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Corollary 16 For f € {to,t1,t2} U{=k, >k | k> 2}, g € {x} U{<k,=k, >k |
k> 1} and g' € {to, t1, 12}

PTchREg(f) — HPTchREG C PTchL]N(f) - HPTchL[N g
PT.CDyrin(9) € PT.CDypin(g') = HPT.CDyp1w.

Remark 3 According to Corollary 15, there is a language that can be gener-
ated by a (hybrid) prescribed team CD grammar system with teams of size 1 and
only linear productions, but which cannot be generated by a context-free grammar.
Hence the inclusion PTiCDpin(f) C PT.CDypin(g) in the above corollary is
either proper and CF C PT,CDyrin(g) holds or the family of languages gener-
ated by prescribed team CD grammar systems with teams of variable size and only
metalinear productions is incomparable with the class of context-free languages.

My conjecture is an incomparability result. An intuition supporting a pos-
sible proof is the following. It is clear that the context-free grammar Gy =
({S, A}, {a,b}, S, {S — aAbS,S — aAb,S — ab,A — aAb,A — ab}) gener-
ates L(Gy) = {a"b" | n > 1}t € CF. A characteristic of this language is its
unknown width and depth, i.e. the number of a™b™ | n > 1’s next to each other
and for each the amount of n are unknown. QObuviously, metalinear productions
can simulate the depth with productions similar to the last four productions in
G5. The width, however, has to be known in advance in the case of metalinear
productions since the axiom is the only production which can have more than one
nonterminal on its right-hand side and should thus introduce a sufficient amount
of them. This amount has to be known in advance and the set of productions is
finite, hence it seems that {a™b" | n > 1}* & (PT.CDypin(f)UPT.C DY in(f))
for f € {*,to,t1,t} U{<k,=k,>k | k> 1}.

Finally, note that if this conjecture holds, then also the classes of unordered
scattered context, matriz and programmed grammars (even with appearance check-
ing) with only metalinear productions are incomparable with the class of context-
free languages. For a proof of this, consider for example Theorem 10 and the
proof of Lemma 22.

Hence for linear (and regular) simple matrix grammars, a prescribed team CD
grammar system with only metalinear productions can be constructed generating
the same language. Whether this also holds the other way around and for other
modes of derivation, is an open problem formulated in Section 3.

Another open problem stated in that section is the relation between simple
matrix grammars with only context-free productions and prescribed team CD
grammar systems and hence also matrix grammars with only context-free pro-
ductions (and appearance checking). The leftmost rewriting of simple matrix
grammars makes it unlikely to have a similar relation between them and pre-
scribed team CD grammar systems, though. For matrix grammars with only
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metalinear productions, however, the following corollary does present an inter-
esting relation with regular and linear simple matrix grammars.

Corollary 17 Forn >1

SMREg(TL) = SMI)%EG(TL) C SML]N(TL) = SMi\IN(n) g MATML[N g MAT]\/\/[LIN‘

Proof It is known, see e.g. [DP 89|, that SMgpa(n) = SMppa(n) C
SMpin(n) = SMp;y(n) for n > 1. From Lemma 23 follows SMp;y(n) C
PT(I,n)ODMLIN,l(f) fOI' n Z 1 and f € {: 1,2 1,*,t0,t1,t2} U {S k | k Z 1}
Moreover, it is clear that PT( n)CDypina(f) € PT.CDypin(f) for all modes
of derivation and thus SM;n(n) C PT.CDyin(f) is obtained for n > 1 and
fe{=1L>1%}U{<k |k > 1}. Finally, Theorem 10 finishes the proof of the
corollary. O

A very interesting corollary indeed, knowing that SMp;n(n) C SM(n) for
n > 1 (see e.g. [DP 89]) and keeping in mind the unknown relation between simple
matrix grammars and matrix grammars, in the case of context-free productions
only, already mentioned above.

2.4 A normal form result: one production per component
suffices

Two lemmas from Subsection 2.1.3 lead to some interesting equalities, presented
in the next theorem, concerning prescribed team CD grammar systems with
only one production per component and the ones without this restriction. To
be more precise, denote U,,SCx for the class of unordered scattered context
grammars with m scattered context rules and only productions of type X and
denote P, T.CDx(f) for the class of prescribed team CD grammar system with
m teams of variable size, 1 production per component, operating in mode f and
containing only productions of type X.

Theorem 11 For m > 1, X € {REG,LIN, MLIN,CF,CS,RE} and f € {=
L>1L,x}U{<k|k>1}

P, T.CDx(f) = UnSCx and P, T.CD% (f) = U, SCk.

Proof Clearly, the constructions given in the proofs of Lemma 13 and 14
continue to hold when no productions may be skipped under any condition what-
soever. This leads to unordered scattered context grammars and prescribed team
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CD grammar systems with strong rewriting, i.e. the usual rewriting. Moreover,
it is clear that the proofs hold for all other types of productions than context-free
ones as well. O

Remark 4 As said in the proof directly above, Lemma 13 and 1/ continue to
hold for other types of productions than context-free ones as well.

The main result of this section is an interesting corollary of Theorem 11.

Theorem 12 For X € {REG,LIN,MLIN,CF} and f € {=1,>1,x} U{<k |
k>1}

PT.CDx(f) = PT.CDx:(f) and PT.CD%(f) = PT.CD% (f).

Proof The results for the regular and linear case follow from Lemma 18,
Theorem 11 and the obvious equalities between (unordered) scattered context
grammars, programmed grammars (both with only regular or linear productions
and with or without A-free productions) and regular or linear grammars, respec-
tively. The results for the metalinear case follow from Theorem 10 and 11 and the
results for the context-free case follow from Theorem 4 and 11 and some equalities
concerning unordered scattered context grammars and programmed grammars,
both with context-free productions only and with or without A-free productions,
stated in the Prerequisites. O

Hence when restricted to regular, linear, metalinear or context-free produc-
tions only, teams with one production per component suffice for prescribed team
CD grammar systems with teams of variable size operating in derivation mode
=1,>1,xor <k (fora k >1).

Remark 5 Note that CD(f) = CF for f € {=1,>1,%x} U{<k | k > 1} (see
Part II, Section 5.1), though CF C PT,.CDy(f). Hence in the context-free case
even CD grammar systems with n components cannot generate all languages that
can be generated by prescribed team CD grammar systems with teams of variable
size and only 1 production per component, for modes f € {=1,>1,%} U{<k |
k> 1}.

2.5 Controlled grammar systems

In this section, something will be said about the generative power of the defini-
tions in Section 1.3.

To begin with, every (prescribed) (hybrid) team CD grammar system is also
a controlled (prescribed) (hybrid) team CD grammar system, formally stated in
the next lemma.

79



Lemma 24 For s > 1, X € {REG,LIN,CF,CS,RE}, X' € {MLIN}, Y €
{GC,HL,GSM}, RS {87*} a’ndf < {*7t07t17t2}u{§k7:k72k | k > ]-}

(i) T, CDx(f) CYT,CDx(f),
(ii) PT.CDx(f) C YPT.CDx(f) and PT.CDx:(f) C Y PT.CDx(f),

(iii) HT0CDx CYHT,CDx, HI.CDx CYHT,.CDx and
HT,.CDx, CYHT,CDx: and

(wv) HPT,CDx CYHPT,CDx and HPT.CDx CYHPT,CDx:.

Proof The inclusions follow easily when the controlling devices impose no
restriction. Thus for Y = GC, consider the complete graph with n nodes C,,.
For Y = HL, consider the regular language R = (N UT)*\ T*. For Y = GSM,
finally, consider the gsm that does not translate but only copies the string it re-
ceives as input, i.e. g = ({so}, NUT, NUT, s¢, {(sox,zs0) | z € (NUT)},{so}). O

The following corollary follows immediately from Theorem 1, 2, 4 and 7 and
Lemma 24.

Corollary 18 For s > 1,Y € {GC,HL,GSM}, f € {x}U{<k,=k, >k |k >
1}, g € {to,t1,t2} and z € {s,x}

(i) PR CYPT,CD(f) and PR* C YPT,CD(f),
(ii) PR, C YT,CD(g) and PR) C YT,CD(g),
(iii) PRy C Y PT,CD(g) and PR), C Y PT,CD(g) and
(iv) PR, CYHPT,CD and PR), C YHPT,CD.
Clearly, this leaves little left to investigate for these type of controlled gram-
mar systems with only context-free, context-sensitive or recursively enumerable

productions. In the case of a restriction to regular, linear or metalinear produc-
tions, Lemma 16, 17, 18 and 22 lead to the following corollary.
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Corollary 19 Fors>1,Y € {GC,HL,GSM}, f € {x,to,t1,t2} U{<k,=k,>
k| k>1} and g € {to, 1,1} U{=Fk, >k | k> 2}

(i) REG =YPT.CDppc(f) = YHPT.CDppe C Y PT,CDgpc(g),
(ZZ) LIN = YPT*CDL[N(f) = YHPT*ODL]N C YPTSODL]N(Q) and

From the above results, it is clear that the team feature itself is so strong
that an increase in generative power of controlled team grammar systems cannot
be achieved. However, some languages might be easier to produce by controlled
grammar systems, perhaps even with a smaller syntactic complexity, than by
those without control. Hence a possibility for future research remains.

Concerning subclasses of the definitions of Section 1.3 (as suggested in Re-
mark 1), however, only CD grammar systems with control devices were thor-
oughly investigated. See e.g. [CD 90], [GP 90], [Mit 90], [Das 91a] and [Das 91b]
for more details. Furthermore, in Appendix E, some results concerning hybrid
CD grammar systems with the three types of control of Section 1.3 are presented.

2.6 Conclusion

In the previous sections the power of forming teams in grammar systems has
been investigated. In many cases this forming of teams was found to increase
the generative power of the underlying grammar system. In this section the
preceding sections are summarized, the most important results highlighted and
their consequences considered.

To begin with, there are derivation modes in which the forming of teams
strictly increases the power of CD grammar systems. Whether the same holds in
the case of hybrid CD grammar systems is still unknown. The first main result
is given in Theorem 1, shortly thereafter followed by Theorem 2 and together
resulting in the most general Theorem 3. Theorem 3 says that the forming of
(prescribed) teams of constant or variable size, working in either of the three
variants of the t-mode, enlarges the power of CD grammar systems to equal that
of the family of programmed grammars with appearance checking. Moreover,
this power is achieved without any (external) control mechanism.

This theorem also proves the fact that teams of size two suffice, i.e. the number
of teams implies no hierarchy, for more variants of team forming than for which
it was proved in [CP 93]. Furthermore, it proves the unexpected equivalence
between all three variants of the ¢-mode of derivation for maximal rewriting of
teams. This is unexpected in the sense that #; seems far more restrictive than
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to and ty itself seems more restrictive than ¢y, again. In fact, the inclusion of
prescribed team CD grammar systems working in mode t; or ¢, into the ones
working in mode £, can be proper.

For other modes of derivation than the maximal rewriting strategy, Theorem 4
says that still the power of programmed grammars is reached, only limited to the
ones without appearance checking. This results in some proper inclusions for
prescribed team CD grammar systems working in different modes of derivation,
presented in Theorem 5.

In the case of CD grammar systems with prescribed teams of variable size
operating in the weak rewriting step, Theorem 6 says that, for all derivation
modes *, < k, =k and > k (for a £ > 1), their generative capacity is equal
to that of the class of programmed grammars with unconditional transfer. This
implies that these families and those of the prescribed team CD grammar systems
operating in the strong rewriting step and the same modes of derivation do not
coincide.

Surprisingly enough, these two previous theorems also prove that in the case of
prescribed teams there is no difference in generative power between the derivation
modes x, <k, =k and >k (for a k > 1). This is surprising in the sense that
for CD grammar systems CF = CD(=1) = CD(>1) = CD(x) = CD(<k) C
(CD(=K)NCD(>k")) is known to hold.

Theorem 7 says that the forming of hybrid teams in CD grammar systems
does not enlarge the generative power any further, in the case these hybrid teams
are prescribed. When the teams are automatically formed from a hybrid CD
grammar system, it is not known whether the forming of teams enlarges the
power of hybrid CD grammar systems.

For (hybrid) prescribed team CD grammar systems with teams of constant
size and only regular productions, the team forming enlarges their generative
power beyond the class of regular languages to the class of regular simple matrix
grammars. Hence it extends also beyond the power of regular (hybrid) CD gram-
mar systems. The same holds in the case of a restriction to linear productions.
These equalities are stated in Theorem 8 and lead to several corollaries, one of
these being that (hybrid) prescribed team CD grammar systems with a restric-
tion to regular or linear productions and teams of constant size are incomparable
with the class of context-free languages. On the other hand, (hybrid) (team) CD
grammar systems with context-free productions include that class, whereas for
the metalinear case, incomparability is only conjectured.

In the case of teams of variable size, no more than the class of regular or
linear languages can be generated by (hybrid) prescribed team CD grammar
systems with only regular or linear productions, respectively. However, when
restricted to metalinear productions, the generative power of (hybrid) prescribed
team CD grammar systems extends beyond the class of metalinear languages.
Moreover, already prescribed team CD grammar systems with this restriction to
metalinear productions are equal to the class of programmed grammars with the
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same restriction and appearance checking in the case of the maximal rewriting
strategies. For the other modes of derivation, the equalities hold only without
appearance checking. This summarizes Theorem 10.

Finally, in the special case of prescribed team CD grammar systems with
only one production per component and teams of variable size, an equality with
the class of unordered scattered context grammars is presented in Theorem 11.
This leads to Theorem 12, which says that only one production per component
suffices in the case of prescribed team CD grammar systems with only regular,
linear, metalinear or context-free productions, teams of variable size and a mode
of derivation f € {=1,>1,x} U{<k | k > 1}.

As stated in the beginning of this section, some new characterizations of
recursively enumerable languages are thus obtained. The same holds for the
programmed grammars with unconditional transfer. Moreover, a normal form for
recursively enumerable languages follows from these results: every RE language
can be generated by a CD grammar system with the ¢y, t; or £ mode of derivation
and teams consisting of only two members or by a prescribed hybrid team CD
grammar system with teams of just two members.

3 Summary and open problems

First, a summary of the results presented in this thesis so far will be given in
the form of a diagram. For the sake of brevity, some minor results have been
omitted. A hierarchy along the lines of the Chomsky hierarchy is chosen. In
this way, readers will obtain a clear insight into the power of teams in grammar
systems.

Although controlled (hybrid) CD grammar system have not really been dis-
cussed (the title of this thesis is, after all, teams in grammar systems), several
relations concerning them are presented. These results can be found in Appen-
dix E. In this way, the reader can notice that the team feature enlarges the power
of grammar systems more than any of the three control mechanisms that have
been considered in this thesis do.

In this diagram, a dashed arrow indicates an inclusion which is not known to
be proper, whereas a straight arrow indicates a proper inclusion; in both cases
the class the arrow leaves is included in the class the arrow points at. Families
which are not connected are not necessarily incomparable. Moreover, all relations
of which a proof is included in this thesis are printed in boldface. However, some
of these proofs (those concerning controlled hybrid CD grammar systems) can be
found in the appendices only.

Finally, the notation () attached to a class of languages indicates that a re-
striction to A-free productions does not influence the generative power. Likewise,
the notation (P) must be understood.
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RE =USCX = PR = MAT> = T,CD(I) = PT,CD*(l) = HPT,CD*

1€ {to,t1,t2},2 € {s,*} t f

Fe{styU{<k,=k,>k|k>1} | |

CS = HLCD(f) = GSMCD(f) = HT,CD* USCY, = PR}, =

HLHCD = GSMHCD N N MAT), = PT,,CD)f')
le{to,tl,tQ},Ze{S,*} \ f’E{*}U

{<k,=k,>k |
PR,. = MAT,. = (P)T,CD(l) = HPT,CD ~—— HT.CD o)
AN el -

S 7 USCu,=PR,=

GCHCD ~——— ——— HCD MAT,, = PT,,CD:(f")

e (for a k > 1) \ /

S
PR = MAT = PT,CD(f') = GCCDgpa(=Fk) ETOL = CD(t) = GCCD(t)

Fle{x) Uf<k,—=k, >k | k>1},2 € {s, %)} ‘

CF=CD(=1)=CD(>1) = CD(<k) (fora k > 1) = CD(x) = GCCD(x)

PT.CDpypin(he) = HPT,.CDpypin = USCrnin,ge =

/ ha € {to,t1,t2} PRMLIN,ac = MATMLIN,ac
i
MLIN =CDypin(f) = HCDypin  Fe{tyU{<k=k>k|k2>1}

|
|
\ hy € {=1,>1,%} |

PT.CDpyprin(h1) = USCymrin = PRy = MATynIin

t
|
LIN = CDyin(f) = HCDpy = |
PT.CDyin(f) = HPT.CD;n —— PT,CD\(9) = HPT,CD)y =

A
SM{y

fe{styU{<k,=k,>k|k>1}
g € {to,t1,t2} U {=k, >k [ k> 2}

REG = ODREg(f) = HODRE'G =
PT.CDgpe(f) = HPT.CDgrge —— PT,CDY).(9) = HPT,CDY). =
SMipe
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After these results, many questions remain. Without pretending to be com-
plete, a list of some of the most interesting open problems follows.

Open problem 1 What is the generative power of prescribed team CD grammar
systems operating in the weak rewriting step with a mazimal derivation mode?
In fact, the situation for all derivation modes not covered by Theorem 6 are of
interest.

Remark 6 Many more open problems could be formulated about the weak rewrit-
ing step. For example, the equality between prescribed team CD grammar systems
operating in this rewriting step and the programmed grammars with unconditional
transfer could be used to finally prove PR ¢ PR, and/or PR* ¢ PR), and/or
to prove the strictness of (one of) the inclusions PR, C PR,. and PR}, C PR).
(or perhaps even prove one or more equalities instead of the properness).

Open problem 2 Which relation holds between HT,.C'D and PT,.CD(f), for
various modes of derivation f and with or without a restriction to \-free produc-
tions?

Open problem 3 Does the automatic forming of teams strictly increase the
power of hybrid CD grammar systems, with or without a restriction to \-free
productions? The conjecture is yes for at least the A-free case.

Remark 7 Note that a proper inclusion of the relations of Open problem 3 in the
A-free case would result in confirmation of the conjecture stated in [Paun 94] that
the inclusion HCD C MAT,. is proper. Unfortunately, this remains an open
problem also after this thesis

Open problem 4 What is the relation between programmed grammars with ap-
pearance checking and hybrid CD grammar systems with automatically formed
teams? Do the inclusions PR,. C HT,CD and PRQC C HT.CD” hold (result-
ing in an equality) or are the inclusions HT,CD C PR,. and HT,CD* C PR).
perhaps proper ones?

Remark 8 Note that a proof of these inclusions would result in the first inclusion
in Theorem 7 to become an equality instead.

Open problem 5 What is the relation between prescribed (hybrid) team CD
grammar systems with only reqular or linear productions and teams of constant
size and the class of metalinear languages? For teams of size 1, the prescribed
(hybrid) team CD grammar systems with only regular or linear productions are
incomparable with the class of context-free languages and properly include the
classes of reqular and linear languages, respectively.
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Open problem 6 What is the generative power of prescribed (hybrid) team CD
grammar systems with only reqular or linear productions and teams of constant
size s, for s > 27

Open problem 7 Can the conjecture of Remark 3 be affirmed or denied?

Open problem 8 Which relation holds between simple matriz grammars with
context-free productions and (hybrid) prescribed team CD grammar systems, for
different modes of derivation?

Remark 9 Note that a proof of a relation as an answer to Open problem 8 would
result in the proof of a relation between simple matriz grammars with context-free
productions and matriz grammars with context-free productions (and appearance
checking, if the relation is proved for modes of derivation to, t; and t3), since the
relation between matriz grammars and prescribed team CD grammar systems is a
well-investigated one. An incomparability result is expected, though, as an answer
for the relation between simple matriz grammars with context-free productions
and prescribed team CD grammar systems as well as for the relation between
simple matriz grammars with context-free productions and matriz grammars with
context-free productions, an open problem stated in [DP 89].

Open problem 9 What is the generative power of (hybrid) prescribed team CD
grammar systems with teams of variable size and at most p, p > 2, productions
per component, for different types of productions and modes of derivation? And
for exactly 1 production per component and other type of productions and modes
of derivation than the ones stated in Theorem 129

Open problem 10 Does control by a graph strictly increase the generative power
of hybrid CD grammar systems? In fact, it is known that graph controlled hybrid
CD grammar systems are included in the matriz grammars with appearance check-
ing and include both the hybrid CD grammar systems and the matriz grammars
without appearance checking, but are these inclusions proper or can equalities be
proved. One of the inclusions of MAT C GCHCD C MAT,. must indeed be

proper.

Remark 10 Note that a solution to Open problem 10 could shed light on the
relation between hybrid CD grammar systems and matriz grammars without ap-
pearance checking, or perhaps even solve this open problem stated in [Paun 94].
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Part IV
Teams in eco-grammar systems

In the eco-grammar systems described in the Prerequisites, a subset of the agents
(the active ones) is used to rewrite the sentential form at certain places; the re-
maining places are rewritten by evolution of the environment. All of this happens
in parallel and hence it can be seen as a kind of team forming: the agents that are
active form a team and rewrite parts of the string representing the environment
in parallel. In this section, other ways of deciding which agents to rewrite the
sentential form at a certain moment in time, based on the ideas of team forming
discussed in Part III, are introduced.

1 Definitions and examples

The main subject of study in this section will be the generative power of the
environmental language of simple eco-grammar systems with teams of agents. In
the following definition therefore, the evolution rules, among others, will be omit-
ted from the original definition of a simple eco-grammar system (Definition 10).
Moreover, the most general definition will be stated with several subclasses de-
fined afterwards.

Definition 20 An extended tabled simple eco-grammar system with prescribed
teams of degree n, n > 1, is a construct

Y= (E,Ri,Rs,...,Ry,Q1,Q0,...,Qm),
where
e £ = Vg, Tk, Pp,w),
o Vi 18 a finite alphabet, the environmental alphabet,

e Ty C Vg, the terminal alphabet,

o Py is a finite set of ETOL tables over Vg, the evolution tables of the
environment and

« w € V;I, the initial state of the environment,

o R;, 1 <1 <mn, isan agent which is a finite set of productions of the form
a— 3 fora € Vi and § € Vi, the action rules of agent R; and

e ;, 1 <j<m,isanon-empty set of agents, a prescribed team (of agents).

(The tables of Pg are ETOL tables and are thus complete, i.e. there is at least
one production for every symbol from Vi in every table.)
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Two different rewriting steps for teams in extended tabled simple eco-grammar
systems are defined, based on the two versions of parallel rewriting for colonies
(for a definition of colonies, see Appendix A) introduced in [DKP 93] (see also
Section 1.1.1).

Throughout this section, an environmental state of an eco-grammar system
shall be simply called a state of an eco-grammar system.

Definition 21 Consider an eco-grammar system ¥ = (E, Ry, R, ..., Ry, Q1,
Q2, ..., Qm) and let w and w' be two states of . Then a team Q; = {R;,, Ry, - - -,
Risi}’ 1<s;<nandl <1 <m, is used in a strong rewriting step as follows.

w :s>Qi w' iff w =1 A103A5 . T AT, W= YronYaQs . YsQsYsi
such that Ay — ap € R;, for 1 <k <s, iy # iy for m #n,
1<m,n<sand {R;,R;,,...,Ri,} =Q; and
Y1Y2 - - - Ysa1 S the result of applying a table from

PE to 1T .. . Tsy1-

For two states w and w' of 3 and a team Q; = {Ry,, Riy, ..., R;, }, 1 <5, <n
and 1 < i <m, a weak rewriting step is defined as follows.

w =g, W' iff w =21 A1209As . . Xy Appy1, W= YronYa0n L Yy Ypia
such that Ay — oy € Ry, for 1 <k <p, iy, # i, for m #n,
1<m,n <pand {R;,R;,,...,R;,} C
{Ri,, Ri,,...,Ri,} = Q; such that for all R;, €
Qi \{Ri,, Ri,,...,R;,} there exists no production
a — [ € Ry, such that o € 129 ... 2p1 and
Y1Y2 - - - Yp+1 1S the result of applying a table from

PE' to T1T2 ... Tpt1.-

(In both variants, every rewriting step uses a team, i.e. if no team can be used
the derivation comes to a halt. Here, "using a team” means applying at least one
agent’s production. )

The language generated by ¥ and operating in the strong (- = s) or weak (-
= w) rewriting step, is
L—(E) = {Z €Ty | w :_>Qi1 Wi, :_>Qi2 Tt :_>Qik. Wiy, = 2,
1<i; <k, 1<j<n}
Hence, a team can be used in two different derivation modes. If the strong
rewriting step is used, a production from each agent of the team has to be applied.

This means that if an agent of a team is unable to rewrite a symbol of the current
sentential form, this team cannot be applied.
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In the weak rewriting step, only every agent of the team that is able to
rewrite the current sentential form has to do so. In the above sketched situation
this would mean the application of a production from every agent of the team,
except from those unable to rewrite a symbol of the current sentential form. The
definition does consider ”"using a team” as the application of at least one agent’s
production.

Definition 22 The family of languages generated by extended tabled simple eco-
grammar systems of degree n with prescribed teams and operating in the strong
(weak) rewriting, is denoted by PT,ETSEG, (PT,ETSFEG,) when restricted to
A-free productions, otherwise a \ is added to the notation. Furthermore, denote
PI,ETSEG = U,>, PI,ETSEG), and P1,,EFTSEG = U,>, PT,ETSEG,, re-

spectively. Similar notations apply when not restricted to A-free productions.

Extended tabled simple eco-grammar systems without agents correspond to
the underlying ETOL system. Hence, consider by definition PT,ETSEG) =
PT,ETSEG) = ETOL and likewise for the \-free case.

Definition 23 An extended tabled simple eco-grammar system with prescribed
teams, ¥ = ((Vi, Tk, Pp,w), R1, Ra, ..., Ry, Q1,Qo, . . ., Qu,), is called

(1) A tabled simple eco-grammar system with prescribed teams if Vg = Tg.
Then the E in the notations of Definition 22 is omitted.

(2) A extended simple eco-grammar system with prescribed teams if #Pg = 1.
Then the T in the notations of Definition 22 is omitted.

(3) A simple eco-grammar system with prescribed teams if Vg = T and #Pg =
1. Then both the E and the T in the notations of Definition 22 are omitted.

Again, simple eco-grammar systems without agents correspond to the underly-
ing L systems. Hence, consider by definition PT,TSEG) = PT,TSEG) = TOL,
PT,TSEG* C PT,ETSEG* and PT,TSEG* C PT,ETSEG" and likewise for
the other eco-grammar systems of Definition 23 and for the A-free cases as well.

Some examples are presented next to illustrate the above definitions.

Example 13 Consider the following simple eco-grammar system with prescribed
teams.
%, = (({a}, {a — aa}, ), {a — aa}, {a > aa}).

The derivation starts by using the only team, thus rewriting the only symbol of the
sentential form and leaving nothing to rewrite for the environment. This results
i aa. Fvery next step the team replaces one occurrence of a by aa, the only
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environmental table replaces all other occurrences of a by aa as well. Clearly, the
generated language is

Ls(X3) = Ly(Xs) = {a® | n > 0}.

Example 14 Consider the following simple eco-grammar system with prescribed
teams.

Y5 = (({a}, {a — aa},a*),{a — a},{a — a}, {{a = a}, {a — a}}).

The deriwation starts by using the only team, thus rewriting two out of the four
a’s by a and allowing the environmental table to replace the other two by aa each.
This results in a®. In every step, two a’s are copied by the team and all others
are doubled by the environmental table. The team actually allows the table to be
applied to the sentential form after disabling two of the a’s. Clearly, the generated
language is

Ly(Ss) = Lu(Ss) = {a?H{a*" | n > 1},

Example 15 Consider the following simple eco-grammar system with prescribed
teams.

24 = (({av ba C}a T? 63)7 Rla RZa e .,Rg, {Rla RZa R3}7 {R47 R57 RG})
where

T = {a—ab—bc—c}
Ry = Ry = Ry = {c— ca} and
R4 = R5 = R5 = {C — Cb}
The derivation starts with replacing all three ¢’s by ca (or ¢b), leaving nothing to
rewrite for the environment. From now on, the c¢’s are rewritten in every step by

ca or cb, while the environment copies all other symbols of the sentential form.
It 1s clear that the generated language is

Ly(34) = Ly (S4) = {(cw)’ | w € {a,b}"}.

Finally, a more enhanced example is presented.
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Example 16 Consider the extended tabled simple eco-grammar system
25 = ((VEa TE'? PE'? S,)a Rla R27 ceey R77 {Rl}a {R27 R3}7 {R4}7 {R57 RG}? {R7})7

where
b VE = {57 5’7 A7 AI? B7 Bl? C? F7 X7 X’? }/v? a’7 b7 C}7
o Ty ={a,b,c},

L] PE = {Tl,TZ,Tg}, where

e ={A= A B=>bC}U{a—F|aec{S A B, X X, Y}U
{a—>alae{S C F}UTg},

e Ih={C—=>BY > X, X FS-Flu{d—=alac{A B X}}U
{a—=a|ae{S A B F}UTg} and

eT3={B=c¢,XsclU{a—=F|ac{S, A B,X Y}U
{a = alaec{S A CF}UTg}.

e R ={S" = ABS, S - ABX'}, e Ry ={C — B},
.RQZ{A%G}, .R5:{B_>C}7
o Ry ={X 5 Y}, e Rg ={X — ¢} and

L R7: {AI—>A}

As soon as the “failure” symbol F is introduced in the sentential form or
as soon as a sentential form whose only nonterminal occurrences are in one of
the multisets (A), (B), (C), (Y), (A, B), (A,Y), (B,Y), (A",C) or (A,B,Y), a
terminal string can no longer be obtained. When a sentential form containing only
(one or more) nonterminals of one of these multisets is reached, this situation
15 identified by the multiset and further investigation becomes useless. Next the
above claim is proved.

If the only nonterminal appearing in the sentential form is' Y (A, B), the
derivation is blocked since no agent is capable of rewriting Y (A, B, both without
an occurrence of X ). Also if both A and Y and no other nonterminals appear
in the sentential form no agent can be used. The same holds for only A and
B, only B and Y and only A, B and Y. In fact, occurrences of A or B can
only be rewritten in case also X 1is present in the sentential form. Only C'’s can
never be replaced by anything else than B’s and C'’s, but clearly never introduce
a terminal. Finally, since C' can never introduce an X and, without an X, A’
can only derive F', A or A', the above claim holds.
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Now the derivations of 35 are as follows. From S’ one obtains sentential forms
that are part of the reqular expression (AB)*A'B'(S" 4+ X') by applying agent R,
and table T, or otherwise an F' is introduced. To obtain a terminal string, one
can continue with an application of another team than the one containing Ry from
every such sentential form that contains X'. Then the next step consists of using
R; (no other agent can be used) and Ty (or an F is introduced) and thus leads to
(AB)'X for ani> 1.

Consider a sentential form (AB)'X, i > 1. Then only { Ry, R3} or {Rs, R¢}
can be used. The latter leads to (A',C) (in the case of table T}), (A, B) (in
the case of table Ty) or (A) (in the case of table Ts), while the former leads
to (A,B,Y) (in the case of table Ty), (A,Y) (in the case of table T3) or to
the sentential form (A'bC)"*abC(A'bC)2Y (in the case of table Ty), such that
il,ig 20 and7,1+22+1:z

If i =1, then only Ry can be applied. This leads to abBX if table T, is used
and otherwise an F is introduced. The only way to continue is by using { Rs, R¢}
and the terminal string abcc is obtained. If i > 1, then not only R4, but also R
can be used. They both lead to an F if any of the tables T or T3 is used and to
(AbB)"abB(AbB)2 X, such that i1,is > 0 and iy + iy + 1 = i, if T} is used.

This process can be repeated until finally a sentential form (ab*B)'X, i > 1,
is obtained. Then only {Rs, Rg} can be used. This leads to (C) (in the case of
table Ty ), (B) (in the case of table Ty) or (ab'c)'c, i > 1, (in the case of table
Ts3). The generated language is thus

Li(X5) = {(ab™c)"c | n > 1}.

2 Generative power

In this section the generative power of the various kinds of eco-grammar systems,
as defined in Section 1, is investigated. For all families of languages, a 1 is added
as a subscript to the notation if every agent consists of only one production.

To begin with, a normal form result for several types of simple eco-grammar
systems with prescribed teams operating in the strong rewriting step is presented
in the next lemma. Its trivial proof is omitted.

Lemma 25 For X € {\, E,T,ET}

PT,XSEG = PT,,XSEG and PT,XSEG* = PT,; XSEG".

Augmenting L systems with teams of agents strictly increases their generative
power since the following theorem holds.
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Theorem 13 For x € {s,w}

(i) POL C PT,SEG and 0L C PT,SEG",
(ii) EPOL C PT,ESEG and EOL C PT,ESEG",
(iii) PTOL C PT,TSEG and TOL C PT,TSEG* and

(iv) EPTOL C PT,ETSEG and ETOL C PT,ETSEG".

Proof All inclusions follow immediately from the definitions, next their
properness is proved. (i) In [CKKP 93] it was proved that already simple eco-
grammar systems without teams generate strictly more than OL systems. In fact,
the simple eco-grammar system ¥; of Example 3 suffices to prove the properness
of the first inclusion of this theorem. (i) In Example 13 it was shown that there
exists a system X, such that L, (X)) = {(cw)? | w € {a,b}*} € PT,SEGs. It was
proved in [RS 80] that this language cannot be generated by any EQL system.
(77i) In Example 13 it was also shown that there exists a system X3 such that
L.(33) = {a*}{a®" | n > 1} € PT,TSEG,. It was proved in [Roz 73] that this
language cannot be generated by any TOL system. (iv) In Example 14 it was
shown that there exists a system Y5 such that Ly(X5) = {(ab"c)"c | n > 1} €
PT,ETSEG;. This language cannot be generated by any ETOL system, how-
ever, since ET0L is a full AFL and erasing the symbol ¢ by a morphism leads
to the language {(ab™)™ | n > 1}, which was proved to be non-ETOL in [ER 76]. O

The way an extended tabled simple eco-grammar system with prescribed
teams works is like an enriched ETOL system. A comparison with the KVETOL
systems of [RvS 78] (see the Prerequisites) therefore seems appropriate.

Lemma 26

PT,ETSEG C [m,LU,p] KVEPTOL and
PT,ETSEG* C [m, LU,p] KVETOL.

Proof Consider the following extended tabled simple eco-grammar system
with prescribed teams operating in the strong rewriting step.

Y= ((VE7TE7 {T17T27 - '7Tk}7w)7RlaR27 .. '7Rn7Q17Q27 .. 7Qm)
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According to Lemma 25 it is enough to consider ¥ to have only one production per
agent. Furthermore, assume that ¢ is the maximum number of agents constituting
a team. To simulate ¥, construct an [m,LU,p] KVETOL system

G=(V,T,Puw),
where

Vo= VeU{[A,i,j]l|AeVp1<i<m,1<j<t}U{F},
T = Tg and
Pg = {H,H,,...,Hpmyi1}, as defined below.

For every team @);, 1 < < m, construct the table

[H;,0] = {(a1 = [A1,4,1],¢,1), (ag = [B2,4,2],¢,1), ..., (a5, = [Bs,, 0, 8i, ¢, 1),
{(a = a,0,1) | a € Vg UF} {([a,i,5] = F,0,1) | [ov,7,7] € V} |
c=(ay,qy,...,05), 00 = B, € R, Q; = {Ri,, Ri,, ..., Ry },
1<r<s;<t,1<i<m}

and, for 1 < 57 <k, the tables

[Hi,j] = {((b,i,1] = FA{[5r, 4, 1], [Br,4, 1]}, 1),
([82,1,2] = F,{[B2,1,2],[B2,14,2]}, 1), .- -,
(185, si] = F, {[Bs;, 1, sl [Bs; 3, 56}, 1), (181,48, 1] = B, ¢,2),
([B2,1,2] = Ba,¢,2),...,([Bs;) 1, Si]| = Bs:y¢,2), {(ac — B,¢,2) |
a— BeT;} (F—F0,2),{(aij — F0,3) | [aijeV}|
c={[41,1,1],[B2,1,2],...,[Bs:, 1 8i]), r = By € R,
Qi ={Ri,, Riy,...,Ri, },1 <r <5 <t,1<i <m}.

Throughout the proof, the symbol F'is used as a ”failure” symbol, i.e. once
introduced it can never be replaced by anything else than itself. In this construct,
a rewriting step of ¥ is simulated by the application of two tables from G.

First table [H;, 0] simulates team ¢ by replacing one (or more, but this will
be shown to be leading to the introduction of F') occurrence of the left-hand side
of the one production of each agent of the team by its marked (indicating the
simulated team and agent) right-hand side iff all these left-hand sides occur in
the sentential form, copying all other symbols of the original alphabet and F
without any context condition and replacing all marked symbols by F'. For the
context condition requiring the presence of every left-hand side of every agent of
the simulated team in the sentential form, a multiset is needed since two (or more)
agents could be able to rewrite the same symbol. It is clear that iff the condition
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is fulfilled all left-hand sides are rewritten. If any marked symbols occur, they
must have been introduced by a table simulating another team and first the other
table for that team should be used, justifying replacing these marked symbols by
F. All other symbols of the original alphabet and F' need to be copied to obtain
a complete table.

Then table [H;, j] simulates the rewriting (by an environmental table j) of
all symbols in a sentential form not affected by team 7. This is achieved by the
following steps, in order of priority. (A production can only be applied when no
production with a higher priority exists with a context condition that appears in
the sentential form.)

(1) All marked symbols of the simulated team are replaced by F'iff they occur
more than once in the sentential form.

(2) All marked symbols of the simulated team are replaced by their unmarked
version iff they all occur once in the sentential form. All unmarked symbols
of the original alphabet are replaced by any of their right-hand sides that
appeared in the environmental table, iff all marked symbols of the simulated
team occur once in the sentential form. Finally, F' is copied.

(3) All marked symbols are replaced by F.

Productions with priority 2 can only be applied if there is no marked symbol
of the simulated team occurring more than once. Either there never was any such
marked symbol occurring twice or it has been replaced by F' by a production with
priority 1. In the latter case, no terminal string can be derived. Hence assume
there is no marked symbol of the simulated team occuring twice when productions
with priority 2 are used. However, the condition that all marked symbols occur
once is still necessary for productions of priority 2. The reason is that otherwise
table [H;, j] could be used without [H;, 0] being used first, i.e. only simulating a
table and no team. The productions of priority 2 unmark all these once occurring
marked symbols. Furthermore, all unmarked symbols are rewritten according to
the simulated table and F' is copied. Then, when no more production with
priority 2 can be used, the productions with priority 3 replace any remaining
marked symbols by F'.

From the description above it can be seen that every table is complete. It is
also clear that the process described above can be repeated for any other team.
Moreover, after simulating a team, any environmental table can be simulated.
If after the simulation of a team (an environmental table) another team (envi-
ronmental table) is simulated, no terminal string can be derived since F' will
be introduced. Also if the simulation of a team is followed by the simulation
of a "wrong” environmental table, an F' is introduced. This "failure” symbol is
even introduced in many more occasions to enforce rewriting to take place as

described.
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When not restricted to A-free productions, the proof continues to hold. In
fact, it can be simplified by introducing separate marker symbols instead of aug-
menting the original symbols, thus guiding the simulation and replacing them by
A in the end. Hence it is clear that L(G) = L(X) and the lemma is proved. O

From the equality [m, LU, p| KV EPTOL = PR,. (see the Prerequisites), one
is led to investigate the relation between programmed grammars without appear-
ance checking and extended tabled simple eco-grammar systems with prescribed
teams. Since USC' = PR and USC* = PR (see the Prerequisites), the next
lemma suffices.

Lemma 27

(i) USC c PT,,ESEG and USC* C PT,;ESEG* and

(ii) USCy C PT,,ESEG and USC), C PT,ESEG*.

Proof First, the inclusions of (i) will be proved, later it will be shown
that (i7) follows from this. Therefore, consider the unordered scattered context
grammar

G = (N,T,8S,P).

To simulate GG, construct the following extended simple eco-grammar system with
prescribed teams operating in the strong rewriting step.

Y= ((VEaTEaThS)aRlaR?a .. '7Rn7Q17Q27 v '7Qm)7

where
Ve = NUT,
T, = T,
Tn = {a—a|laeVg}and

R, R,,...,R, and
Q1,Qs,...,Q,n are defined below.

For every scattered context rule p : (o, @s,...,a5) — (61, 32,...,0s) € P,
construct the team @, = {Ry, R, ..., Rs} with

Rj:{aj%ﬂj}, fOI‘lSjSS.

A parallel rewriting step of an unordered scattered context grammar is sim-
ulated by a parallel rewriting step of a team, with its agents being exactly the
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productions in the scattered context rule. It is thus clear that the restriction of
only one production per agent is obtained. The symbols in the sentential form
that are not affected by the team are copied by the environmental table. Hence
L(X) = L(G). Clearly, the proof continues to hold when not restricted to A-free
productions.

In Example 13 it was shown that L; = {a®" | n > 0} € PT,ESEG. In [HJ 94],
however, it was proved that L; ¢ PR*. Since USC = PR and USC* = PR*
(see the Prerequisites), both inclusions of (i) are proper ones.

The proof of (ii) follows immediately from the above proof if the simulat-
ing simple eco-grammar system with prescribed teams is operating in the weak
rewriting step. The (possible) ”overpassing” of a production from a scattered
context rule then results in the ”overpassing” under the same restrictions (i.e. its
left-hand side does not appear anywhere in the sentential form) of an agent. O

An immediate corollary of this lemma and the proper inclusion EPT0L C
USC,, stated in the Prerequisites, is a strengthening of Theorem 13.

Corollary 20

EPTOL C PT,ETSEG and ETOL C PT,ETSEG".

A second corollary of this lemma is the following.

Corollary 21

(i) PUSC C PT,,SEG and PUSC* C PT,,SEG* and

(ii) PUSC,; C PT,,SEG and PUSC), C PT, SEG*.

Continuing the investigation of the relation between extended tabled simple
eco-grammar systems with prescribed teams and programmed grammars, (the
first statement of) the following lemma is important.

Lemma 28

PT,ETSEG C PR, and PT,ETSEG* C PR)..
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Proof Consider the following extended tabled simple eco-grammar system
with prescribed teams operating in the weak rewriting step.

Y= ((VEvTEa {T17T27 N '77}}7w)7R17R27 .. '7Rn7Q17Q27 .. an)

The alphabets are considered to consist of barred symbols only. To simulate ¥,
construct the programmed grammar G = (N, Tg, S, P), where N = {a,d' | a €
Ve} U{F} and P is defined in the form of subroutines.

The use of subroutines is similar to that in Theorem 5.1 in Part II of [Sal 73].
The interconnection of the subroutines will be presented through flow charts.
The expression out in a success or failure field indicates that the next subroutine
is called. The production labelled by 1 is always the production through which
the subroutine is entered.

The first subroutine is Start, which is defined as follows

o @
1:S—w out 0

and simply introduces the (string) axiom of X.

For every team @); = {Ry, Ry, ..., R,}, 1 <i < m, some subroutines for each
agent R; = {a1 — 21,21, ... 71, , Qg —> Do, Doy .. Ty s ooy g —> Ty Ty, . Ty,
1 < j < g, are constructed as follows. For every permutation 7(k), 1 < k < s! of
{1,2,...,s}, construct the subroutine Agent(i, j, k) as follows

o ¥
m(1) 0 ey = Ty, Ty, - - 'x;(l)pw(l) out m(2)
7'(—(2) . aﬂ(Z) — .’I/';r(Z)lx;r(2)2 .. .l‘;r(2)p7r(2) OU/t 7T(3)
T(8) 1 Qur(s) — Tr(s)1 Trn(s)s - - .x;(s)pﬂ(s) out out

This subroutine replaces, for a certain permutation of the productions of a certain
agent of a certain team, the left-hand side of one production by its primed right-
hand side if this left-hand side is present in the sentential form. It tries every
production of the agent in the order of the permutation. If none of the productions
can be applied or as soon as one is applied, the subroutine is left.

The above subroutines for agents can be put together as depicted in the
following flow chart, such that for every team @);, 1 < ¢ < m, the subroutine
Team(i) is defined. The flow chart is given for one team.
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Team(z)

‘ Agent(i,1,k1,)

‘ Agent(i,1,k1,)

‘ Agent(i,1,k15)

‘ Agent(i,2, ko, )

‘ Agent(i,2, ko, )

‘ Agent(i,2, ka;)

Agent(i, q, ks, )

‘ Agent(i, q,ks,)

‘ Agent(i,q, ksy) ‘

Agent(i, 1, k1, )

Agent(z, 2a k232! )

Agent(i: q, ksSs!)

Any path from top to bottom can be taken and thus any production from an
agent can be chosen; not only the first applicable one, as Agent(i, j, k) would do
if permutations were not used.

For every team Q; = {Ry, Ry, ..., R}, 1 < i < m, construct the subroutine

Check(i) as follows

. ! !
]_ . 1‘11 —>JI11

. ! !
2. 1‘12 —>I12

. ! !
pl . .’L‘lpl _> l‘lpl
. !/ !
prt1l: @y —xy
pL+2: xy —

!

. /
p1+pat Iy, — Ty,

prtpettpeat 1 i =y
pr+pet- ot ps1+2: xlsfb _)xgil

1
2

/ /
S 'Is
Ps DPs

pPrt+pet+psto T

o
out,
out,

out,
out,

out,

out,

out,
out,

out,

4
2
3

p1+1

p1+2

P+ 3
p1+p2+1

PLtpet -t per +2
pL+pe+---+ps 1+ 3

out,

This subroutine checks, for a certain team, whether at least one of its agents’
productions has been used. It tries every production in the team and the subrou-
tine is left through out, as soon as the answer is affirmative. If every production
has been tried, but none has been applied, the subroutine is left through out,,.

For every (complete) environmental table T),, 1 < h < [, construct the sub-
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that would be constructed to simulate the EOL system G’ = (V', T", P',w'), where

V’ = VEU{AI|AEVE}U{F},
T" = {d|a€Vg},
P = {=vvs. .y | b=y €T} U{y = F |+ €V'} and

w' is the sentential form upon entering Table(h),

by a programmed grammar with appearance checking. Due to the known inclu-
sion EOL C PRy, see e.g. [RS 80], this is possible. The subroutine is entered
through the same production as the simulating programmed grammar’s and it
can be left through any production at any time. The subroutine Check, to be
defined shortly, will check that it does not do so before only primed symbols
appear in the sentential form.

Assume, without loss of generality, the alphabets Viy = {A,B,...,Z} and
Tp = {a,b,...,z}. Then the next subroutines are, below from left to right,
Check, Unprime and Decode.

o @ o @ o
1: A—=-F 1 2 1: A=A 1 2 1:a—>§z 1,2 2
2: B—-F 2 3 2: BB—-B 2 3 2: b—>0b 2,3 3
7. Z—=sF Z out Z:7'—=7 7 out Z: 2=z z z

The subroutine Check checks whether there is still an unprimed symbol in the
sentential form, introducing an F' if so. The success fields are only non-empty
to satisfy the definition of a programmed grammar, but can be anything since
once an F' has been introduced the derivation can never be successfully ended
anymore.

The subroutine Unprime removes all primes.

Finally, subroutine Decode is defined to decode all symbols to be able to end
the derivation of the programmed grammar. Obviously, it only decodes symbols
of the terminal alphabet of 3. This subroutine can never be left once it is entered,
thus when it is entered with nonterminal symbols, it can never lead to a terminal
string. When the sentential form contains only terminal symbols upon entering
Decode, a terminal string of the programmed grammar is obtained.

These are all the subroutines necessary to simulate . The programmed
grammar is now defined by the following flow chart
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‘ Teamq ‘ ‘ Teams
‘ Check; ‘ ‘ Checks ‘
| Table, ] | Table,

’ Unprime ‘

Decode

In this flow chart, all arrows coming from C'heck;, 1 < ¢ < m, are labelled. Those
pointing upwards by out, and those pointing downwards by out,.

It is clear that these subroutines can be combined into one long list of pro-
ductions and that the proof remains valid in the case of A-free productions. Thus
L(G) = L(X) and the proof is completed. O

A corollary of the results above is presented in the next theorem, which is the
main result of this section.

Theorem 14 For X € {E, T}
(i) PRC PT,XSEG C PT,ETSEG C PRy and
PR, C PI,XSEG C PT,ETSEG C PR, and

(ii) PR C PT,XSEG* C PT,ETSEG* C RE and
PR) C PT,XSEG* C PT,ETSEG* C RE.

Proof The equalities between unordered scattered context grammars and
programmed grammars, with or without A-productions, with or without appear-
ance checking and with or without unconditional transfer, are well-known (see
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the Prerequisites). Furthermore, [m, LU, p] KVEPTOL = PR, (see the Prereq-
uisites), whereas the inclusion [m, LU, p] KV ETOL C RE is obvious. Hence all
inclusion from left to right were proved in Lemma 26, 27 and 28 or follow directly
from the definitions. O

3 Closure properties

Before presenting the main result of this section, a normal form for extended
tabled simple eco-grammar systems is defined.

Definition 24 An extended tabled simple eco-grammar system, with prescribed
teams and operating in the weak rewriting step,

Y= ((VEvTEa-Pan)aRlaR?a .. '7Rn7Q17Q27 v '7Qm)7

15 said to be in normal form of

(1) w € Vg \ Tk, w does not appear on the right-hand side of any production
i any team and if w appears at the right-hand side of some production in
some table, then this is a production w — w,

(2) there ezists a unique team Q; among @Q;, 1 < i < m, called the initial team,
consisting of only one agent and this agent’s only production is w — « for
ae Vi and a # w,

(8) there ezists a unique team Qr among Q;, 1 < i < m, called the terminal
team, different from Qp, such that this team’s agents contain only produc-

tions of the form o — 3, fora € (Vg \Tg) \ {w} and € Ty U{F},

(4) there exists a unique table Ty in Py, called the terminal table, such that it
contains only productions of the form o — 3, for a € (Vg \ Tg) \ {w} and
feTpU{F},

(5) Ifa = B €T, foraw € Tp and T € Pg, then 3 =F and if « — 3 € T, for
a € Ve \Tg and T € Pg \ {Tr}, then € (Vg \ Tg)* and

(6) The above mentioned symbol F is a distinguished symbol in Vi \ Tk such
that F' — F' is the only production with F' as its left-hand side in any other
team or table of ¥ than Qr and Tr.

Theorem 15 For every language in PT,ETSEG or PT,,ETSEG* there exists
an extended tabled simple eco-grammar system with prescribed teams, operating
in the weak rewriting step and in normal form, generating it.
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Proof Consider the following system ¥ such that L, (¥) € PT,ETSEG*.

Y= ((VEvTEa-Pan)aRlaR?a .. '7Rn7Q17Q27 v an)

Denote Ty, = {o/ |« € Tg}, Vi, = Ve U T, U{S, F} and let P, consist of every
table T' € Pg augmented by the productions

o — F, for o' € T, U{S, F}.
Furthermore, construct the initial team

Qr={{S = w}},
the terminal team
Qr={{a = d |aeTpg},{a = F|aecV,\Tg}}
and the terminal table
Tr={a—=d,>F|acTp B€Vi\Tk}
Now the system

E, = ((Vé7Té7Pé' U {TT}as)aRllvRIZ) N '7R;UQ17Q27 .. '7Qm7Q17QT)7

where R, R),, ..., R, are the agents implied by the above construction, obviously
satisfies all six conditions for the normal form as listed in Definition 24. More-
over, it is clear that L, (X') = L, (X) and the theorem thus holds. 0

This normal form is important since it leads to the following result, the easy
proof of which is left to the reader.

Lemma 29 If ¥ is an extended simple eco-grammar system, with prescribed
teams and operating in the weak rewriting step, in normal form and H € L(X),
then in every derivation of H in X only the first step uses the initial team (and
no table) and only the last step uses the terminal team and the terminal table.

With this normal form, some closure properties with interesting consequences
can be proved.

Lemma 30 The families PT,,ETSEG and PT,ETSEG* are closed under in-
tersections with reqular languages.
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Proof Consider the following extended tabled simple eco-grammar system
with prescribed teams and operating in the weak rewriting step.

Y= ((VEvTEa {T17T27 .. '7Tk}7w)7R17R27 e '7Rn7Q17Q27 e an)

According to Theorem 15, it can be assumed that ¥ is in normal form. Moreover,
consider the (deterministic) finite automaton

A= (K,Tg,so, f,H).
Let Vg = {[s,a, 5] | 5,5’ € K, a € Vg} and V} = VgUTrU{S, F} and define
for every agent R;, 1 < i < n, the set
C(Ry) = {[s,a, 8T = [s, B, su, ][50, B2, 50.] -+ [81,005 By, 5] |
o= B1fy- Py € R, 5,5, 51, S0, --.,51,_, € K}
For the initial team Q; € {Q1,Q2, ..., @}, construct the team
Qr = {5 =7} {5 = Is0, 81, sulls, B2y s1,] - < [S1,-05 By 513 |
v=Aif A € L(A) and v = S otherwise,
S — BiBa-By € Qr, Sips 81,55, €K, s€ H}
and for every other team @);, 1 < < m and Q; # ), construct the team
Q. ={C(R) | R is an agent of Q;}.
Furthermore, construct the team
Qr = {{ls,a,sT = a},{[s,8,5] = F} |
a€Tg, s =f(s,a), s#f(s,0), s, € K}.
For every table T;, 1 < j < k, construct the table
ij{ = {[s,q, 5,] =[5, B1, 81,][815 B2, 51,] - - '[Slp_l,ﬂpasl] |
o — Bify By €T5, 5,8, 81,81,y 5,_, € K} U
{8 F|BeVp\Vp}
Furthermore, construct the table
Tr=A{[s,a,s' > a|ae€Ty s=f(s,a),ss eK}U
{[s,a,5'] = F | s # f(s,a), s,s € K}U{B—=F|B3€Vi\Vg}

Now consider the extended tabled simple eco-grammar system, with pre-
scribed teams and operating in the weak rewriting step,

EI = ((VEI'7TE7 {T1,7T2,7 i '7T]:;7T1,1}7 S)7 Rll? R,27 .t '7R:'L7 Q&?Q;? i '7Q;717Q171)7

where R}, R}, ..., R are the agents which are implied by the above constructions.
The construction used is the standard ”triple” construction, so a formal proof of
L,(X") = L,(X)NL(A) is omitted. This finishes the proof of this lemma. 0
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Lemma 31 The family PT,ETSEG is closed under restricted homomorphisms.

Proof Consider the following A-free extended tabled simple eco-grammar
system, with prescribed teams and operating in the weak rewriting step,

Y= ((VEvTEa {T17T27 N '77}}7("))7R17R27 .. '7Rn7Q17Q27 v an)

and the homomorphism A : Vi — V}*, which is k-restricted with respect to L(X).
Note that h(z) # A, for z € V! and |z| > k. According to Theorem 15, it can be
assumed that ¥ is in normal form. Then construct the extended tabled simple
eco-grammar system, with prescribed teams and operating in the weak rewriting
step,

EI = ((VEI'7 Té’ {Tll7 TI”’ T2” T2” R j}”’ T’l”'}’ w)’
R,17R,27"'7R;’L7Q,17 Il’)Q’Z) g)"'?QZl?Q%)?

as follows. Let Vj, = {[a],[a] |a € (VEUTE)", |a] <2k} U{S", F}, Ny = {[o] |
a€ (VpUTE)", k <l|a] <2k—1}and Ny = {[a] | a € (VEUTE)", k < |ao| < 2k}.
Replace the initial team Q; € {Q1,Qs,...,Qm}, by the teams

Q)= Q) = {{5' > h(0).5' — 8] |a € L(D), o] <k, [5] € N, § =" 5})
and for every other team @Q;, 1 <7 < m and Q; # @, construct the teams
Q= {{[w1Awy] — [wizws]' | [wyAws] € Ny, A — x € R} | R is an agent of Q;}

and
Q7 = {{le] = [B]7] | [a] € N2, [8],[7] € N1, a = B7}}.

Furthermore, construct the team

Qr ={{la] = M) |a €Ty, k < |af <2k - 1},
{181 = F 18l € Vi \{lo] | o € T }}}.

For every table T}, 1 < j </, construct the tables

T; = {[wiAwy] = [wizw,]' | [wiAwy] € Ny, A — 2z € T;} U {[a] — [ao] |
@] € Vg, =(3 A—xeTj, Aappearsina, [a] € Nj)}U
{la] = F[[a] €V}

and

7; = {laf = [BI0] | [o] € Ny, [B], 0] € N1, a= By} Ufla) = [o] |
o] € Vi, —([e] € Ny, [B],17] € N1, o= 7))} U
{la] = F | o] € V}.
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Furthermore, construct the table
Ty ={[a] = h(a)} |ae Ty, k<l|a]<2k—1}U{a— F|a €V}

Finally, R}, R, ..., Rl are the agents that are implied by the above construc-
tions. For each derivation S =* x according to X, the productions of the teams
Q; and Q7 (including @} = Qf) and the tables T; and 7}, 1 < i < m and
1 < j <, can construct a derivation S =* « for some a = [ay][as] - - - [ay] such
that = ajaz...0p, k <|ay| <2k —1and 1 < f < p. When none of the initial
teams is used, this is accomplished by interchanging the application of primed
teams and tables with double primed ones. Note that at every step only one of
the two primed versions can be used without introducing an F. Eventually, this
x is a terminal string (or the sentential forms contains an F') and team ) and
table T, will rewrite v into h(x). This team @ can only be used in the final step
of the derivation when the sentential form consists of only terminals, otherwise
an F'is introduced.

Throughout the proof, this symbol F'is used as a ”failure” symbol, i.e. once
introduced it can never be replaced by anything else than itself. This implies that
a rewriting step of (), cannot be used to continue a derivation which would be
blocked in the case of ¥. Note that the double primed teams and tables do not
influence the generated language. Hence each derivation in ¥’ corresponds to a
derivation according to X, except that the brackets [ and | occur in the sentential
forms. It is clear that X' is A-free and thus L(X') = h(L(X)) € PTL,ETSEG,
which completes the proof. O

In [Fer 95] it was proved that if for some language family £ it is known that
PR}, C L C PR}, (PRy C L C PR,.) and L is closed under intersection with
regular languages (and restricted homomorphisms), then £ = PR, (L = PR,.).
Hence Theorem 14 leads to the main result of this section, presented in the next
theorem.

Theorem 16
(i) PT,ETSEG = PR,. and

(ii) PT,ETSEG* = RE.

Since RFE is a full AFL, Theorem 16 leads to closure under more properties,
see e.g. [Sal 73].

Corollary 22 The family PT,ETSEG” is closed under (i) union, (ii) concate-
nation, (iii) +-Kleene closure, (iv) arbitrary homomorphisms, (v) inverse homo-
morphisms, (vi) gsm mappings, (vii) inverse gsm mappings, (viii) left quotient
by regular languages, (ix) right quotient by reqular languages and (x) regular
substitutions.
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4 Conclusion

In the previous sections, simple eco-grammar system with prescribed teams have
been introduced. These systems are nothing more than Lindenmayer systems
with teams and therefore four different classes have been defined, analogous to
those of the Lindenmayer systems. Hence next to the basic class, the extended,
tabled and extended tabled systems have been defined.

Concerning the usage of the teams, two rewriting steps have been introduced,
like in Part III. In the strong rewriting step, a production of each agent of the
team has to be applied (the derivation coming to a halt if this is not possible),
whereas in the weak rewriting step only those agents of the team (but at least
one) that can rewrite a symbol from the current sentential form have to do so.

Consequently the power of forming teams in simple eco-grammar systems
has been investigated. In all cases this forming of teams was found to strictly
increase the generative power of the underlying (Lindenmayer) system. This
result is formally presented in Theorem 13 and Corollary 20.

Theorem 14 places the power of simple eco-grammar systems with prescribed
teams between the programmed grammars without and those with appearance
checking, in the case of the strong rewriting step. In the case of the weak rewriting
step, the simple eco-grammar systems with prescribed teams are placed between
the programmed grammars with unconditional transfer and those with appear-
ance checking.

Finally, Theorem 15 shows a normal form for extended tabled simple eco-
grammar systems with prescribed teams, operating in the weak rewriting step.
With this normal form, closure of the family of languages generated by extended
tabled simple eco-grammar systems with prescribed teams, operating in the weak
rewriting step, under a number of closure properties has been proved. Moreover,
due to some of these closure properties, in Theorem 16 these systems could be
proved to be equivalent to the programmed grammars with appearance checking
in the A-free case. When A-productions are allowed, a new characterization of
the class of recursively enumerable languages has been obtained.

5 Summary and open problems

To begin with, a summary of the results presented so far is given in the form of
a diagram. In this diagram, a dashed arrow indicates an inclusion which is not
known to be proper, whereas a straight arrow indicates a proper inclusion; in
both cases the class the arrow leaves is included in the class the arrow points at.
Families which are not connected are not necessarily incomparable. Moreover,
the diagram continues to hold in the case when there is no restriction to A-free
productions.
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>\ M
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Observing this diagram, it is clear that many open problems remain. Is weak
rewriting more powerful than strong rewriting, or is the class of extended tabled
simple eco-grammar systems with prescribed teams and operating in the weak
rewriting step equal to the class of programmed grammars with appearance check-
ing? And does the relation between weak and strong rewriting apply to all sub-
classes as well or do different relations exist for different subclasses?

It is interesting to note that also for colonies, the relation between weak and
strong rewriting is unknown. An answer to that relation would not necessarily
solve the case for extended tabled simple eco-grammar systems with prescribed
teams, but it might shed light on some intrinsic characteristics of weak versus
strong rewriting.

Furthermore, the answer to one of the most interesting open problems in the
theory of formal languages lies hidden in this diagram as well: is the inclusion of
the family of languages generated by programmed grammars with unconditional
transfer in the family of languages generated by those with appearance checking
strict? In [Sto 71|, the class of programmed grammars is claimed to be closed
under intersection with regular sets (which would result in a proper inclusion
indeed), but the proof is subject to disbelief ([Fer 95]).

Finally, does the hierarchy that holds for L systems (see the diagram and note
that, see e.g. [RS 80], E(P)0L is incomparable with (P)T0L) extend to the "L
systems with teams” considered here? (This could immediately confirm the above
conjecture.) The conjecture for this last question is that a similar hierarchy does
indeed hold within the weak, respectively strong, rewriting step, pretty much for
the same reasons as why it holds for L systems.
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Appendices

A

Other variants of CD grammar systems

Next to the hybrid CD grammar systems, several other types of CD grammar
systems have been defined and investigated in the recent years. An attempt to
give an exhaustive survey is presented below.

Grammar systems controlled by a directed graph, hence derivations are
guided by paths in the graph. See e.g. [MR 78], [CD 90|, [GP 90] or
[Das 91a].

Grammar systems with memories, several different versions are defined and
investigated. See e.g. [CD 88|, [Csu 91] or [BC 92].

Grammar systems with appearance checking. See e.g. [DP 90a].
Grammar systems of finite index. See e.g. [DP 90a] or [GP 90].

Grammar systems with registers, a special case of memories. See e.g.
[DP 90b] or [DP 91].

Grammar systems with L systems as components, in which a derivation
step thus consists of a parallel rewriting step. See e.g. [CD 90] or [Wét 93].

Grammar systems whose sentential forms are put into a gsm before another
derivation step can take place. See e.g. [Mit 90] or [Paun 95a].

Grammar systems with dynamical activation of the components (in which
the component with currently maximal competence is used), or with bal-
anced activation, etc. See e.g. [KP 91].

Grammar systems with similar components, as in the grammar form theory.
See e.g. [KP 91] or [CDMP 93].

Grammar systems whose sentential forms are compared to a regular lan-
guage, accepting only those sentential forms satisfying the format of the
regular language. See e.g. [Das 91b] or [Paun 95a).

Grammar systems with components generating finite languages, so-called
colonies. These are a particular case of CD grammar systems for which
hierarchies on the number of components, as well as other problems still
open for CD grammar systems, are solved. Because of this and because
the are referred to in the thesis, their definition is given here. A colony
is a construct I' = (N, T, w, (S1, L1), (S2, La), . . ., (Sn, L)), where N is the
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set of nonterminals, T is the set of terminals, w € (N UT)* is a string
axiom, S; € N and L; is a finite subset of (N UT)\ {S;})* for 1 <i < n.
Colonies are a special case of CD grammar systems. However, there are
many variants and a difference can be that terminals of one component
can be nonterminals of another component. See e.g. [KK 92a], [KK 92b],
[DKP 93], [KC 94], [KK 94] or [Paun 95a).

Grammar systems, or hybrid grammar systems, with time delay. See e.g.
[CDMP 93].

Grammar systems in which the sets of productions as components are re-
placed by grammars, thus allowing a terminal in one component to be a
nonterminal in another component. Also variations in defining the terminal
alphabet for the whole grammar system are considered. See e.g. [CDK 92].

Grammar systems which are dynamically controlled, imposing internal con-
trol by start and stop conditions for the components. See e.g. [CDP 93].

Grammar systems with non-context-free components, such as type-0 and
context-sensitive components, are considered. See e.g. [CDKP 94a].

Grammar systems which are structured by a hierarchy or an ordered relation
on the set of components. See e.g. [CDKP 94b] or [MPR 94].

Grammar systems, or hybrid grammar systems, with teams. These, to-
gether with many variants, form the topic of Part III of this thesis. See
e.g. [CP 93], [PR 94], [MMS 94}, [KMPS 95], [FP 95], [Mat 95] and Part III
of this thesis.

Grammar systems, or hybrid grammar systems, in which strings are re-
placed by other objects. See e.g. [DFP 95].

Grammar systems, or hybrid grammar systems, with accepting grammars
as components. See e.g. [FHB 96].

Grammar systems that are internally hybrid, i.e. complex derivation modes,
formed of the known derivation modes, are assigned to the components. See
e.g. [FFH 96].

Grammar systems with leftmost derivation. See e.g. [Paun 96].

Several of these variants have been described in [CDKP 94a], but not those that
were defined after, roughly, 1992. Some other surveys of the theory of grammar
systems and its variants can be found in [Paun 95b] and [Das 95].
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B Parallel communicating grammar systems

In parallel communicating (PC) grammar systems, each component has an own
sentential form associated to it, on which it works. If in each step, each component
uses a production, the PC grammar system is called synchronized, otherwise it is
called non-synchronized. These components can communicate with each other by
sending their current sentential form on request, for which special query symbols
are introduced. If these query symbols can only be introduced by the master, the
PC grammar system is called centralized, otherwise it is called non-centralized.
After having sent its sentential form to another component, a component may
still have a copy of this sentential form or it goes back to its axiom again. In
the latter case, the PC grammar system is called returning, otherwise it is called
non-returning. If one component is considered the master, then its terminal
words, possibly generated with the aid of communication, form the language
of the whole PC grammar system. When there is no master, two modes can be
considered. In the competitive mode, the derivation comes to an end as soon as one
of the components generates a terminal word; in the popular mode the generated
language is the collection of all terminal words generated by any component of
the PC grammar system.

These grammar systems were introduced in [PS 89| for the regular case. The
context-free case appeared in [Paun 89a], the context-sensitive case in [PIT 93]
and the case of L systems in [Paun 92]. Non-synchronized PC grammar systems
were introduced in [Paun 89b], non-centralized PC grammar systems appeared in
[Paun 90], non-returning PC grammar systems in [Paun 91] and the competitive
as well as the popular mode has been introduced in [Vasz 96]. A survey can be
found in [San 90], [CDKP 94a] and [Paun 95b].

C Other variants of eco-grammar systems

An extended eco-grammar system is a usual eco-grammar system, except that
each of the alphabets Vg and V; are a disjoint union of two sets, Nz and Ty and
N; and T; for 1 < i < n, called a nonterminal alphabet and a terminal alphabet,
respectively. The language generated by an extended eco-grammar system is the
set of all states over the cartesian product of the terminal alphabets that can be
reached from an initial state.

In [CKKP 93] and [CKKP 94b] it was proved that even very restricted
extended eco-grammar systems can generate the class of context-sensitive lan-
guages; if A-productions are allowed even the recursively enumerable language
class can be obtained.

Not only restricted eco-grammar systems have been defined and investigated.
Several enhanced eco-grammar systems have been introduced as well, one exam-
ple being the conditional tabled eco-grammar systems which will be discussed in
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more detail in Appendix D (see also [CPS 94] and [CPS 95]). Two more examples
are the multi-level eco-array grammars introduced in [Freu 95] and the eco-pattern
systems introduced in [Mit 95].

D Eco-grammar systems and Artificial Life

If one considers eco-grammar systems from the point of view of AL, it is clear
that one’s interests lie in the evolution of the agents (i.e. organisms) and the
environment in an eco-grammar system. Therefore, the basic model is augmented
by the following definition.

Definition 25 Consider an eco-grammar system ¥ = (E, Ay, Ag, ..., A,) with
an initial state og. Then for 1 <i<n

e the set of state sequences of ¥ us defined by
Seq(X,00) = {{0:}2y | 00 =5 01 =5 00 =5 ...},
e the set of environmental state sequences of X is defined by
Seqr (X, 00) = {{wg, }32, | {0:}2, € Seq(X, 00),0; = (wg,, wy,, ..., wy,,)} and
e the set of state sequences of the i-th agent A; of ¥ is defined by
Seqi(X,00) ={{wi, }ieo | {0k } heo € Seq(X,00), 06k =(Wg,, W1, , ., Wi,y Wy, )}

The thus resulting definition of an eco-grammar system is advanced enough
to capture many real life situations. This section is continued with a survey of
such possibilities, without pretending to even approach completeness.

An organism can be considered adult when its state becomes statistically
constant, i.e. the symbols that do change still represent only a very small fraction
of the total string. This idea has already been investigated for generative devices,
one can think of the adult L systems to name only one. Variations of adultness
include old agents or almost dead alive fossils.

Considering the set of agents as a population a basic feature of real life, birth,
was introduced in [CKKP 94b] and based on fragmented L systems. A repro-
ductive eco-grammar system is a construct ¥ = (F, Ay, Ay, ..., A,), where E
is an environment defined as in the case of usual eco-grammar systems and A;,
1 <1 < n, is a multiset of agents of the i-th type, defined as follows. Every agent
A; in A; has the same form A; = (V;Uu{U}, B;, R;, @i, 1;), where Vi, P;, R;, ; and
1; are defined as in the case of usual eco-grammar systems but for one exception:
P; is allowed to have productions of the form o — 31 LI G U ... U B for a € V},
B; e Vi, U¢ U, Vi, k>2and 1 < j < k. This U is called the reproduction
symbol.
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A state of a reproductive eco-grammar system ¥ = (E, A;, Ay, ..., A,) is a
construct o = (wg, Wi, Wa, ..., W,), where wp € Vi and W; is a multiset of
strings (w;,, w;,, . . .,wz-ki> for w;; € V¥, 1 <j < kjand 1 <4 < n. This wg is the
state of the environment and these w;, to w;, are the states of all agents of the
i-th type.

The birth of new agents is indicated by the occurrence of LI in the state of
an agent. Whenever the state w of an agent A has the form wy U ws U . ..U w,,
the agent is reproduced as a multiset of agents (A™M, A®) . AM) of the same
type, each agent A® being in state w;, 1 < i < n. These new agents A" to A
inherit all properties of their ancestor; they thus have the same sets of evolution
rules and action rules, as well as the same mappings ¢ and .

In reproductive eco-grammar systems, a state o = (wg, Wy, W, ..., W) di-
rectly derives a state o' = (wl, W{, W3, ..., W), written as 0 =y, o', iff w,
results from wg as in the case of usual eco-grammar systems and W} is the mul-
tiset of states resulting from evolution of the states in W;, 1 <7 < n.

Birth in reproductive eco-grammar systems is a form of asezxual reproduction
since the new agent is introduced by means of evolution. Slight modifications of
the concept (e.g. allowing agents not only to rewrite the state of the environment,
but the state of other agents as well) can capture sezual reproduction by means
of an action of one agent on another one and inheritance by the new agent of
both its ancestors as well.

When more and more organisms are introduced, a situation in which there
exist more agents than symbols in the environment can occur, leading to over-
population. This is in contrast with the fact when no evolution rule is selected by
the mapping ¢ or the selected evolution rule is incapable of rewriting the state
of the agent, leading to death of organisms.

Consider the set of action rules of agents in the eco-grammar system to be
allowed to contain not only rules over the environment, but rules over the al-
phabets of the various other agents as well. Then an organisms whose action
rules contain both type of rules can be called omnivorous, whereas organisms
whose action rules are over the alphabets of the other agents only can be called
carnivorous. Agents can be acting on other agents in a horizontal way as well as
in a vertical way. Therefore, two different types of carnivorous agents have been
introduced in [Csu 95], the first one being based on symbiotic colonies.

An eco-grammar system ¥ = (F, Ay, As, ..., Ay, p) is called symbiotic when
there exists a symmetric binary relation p, called symbiosis, on {41, Ay, ..., A, }.
An agent A; can perform an action on the environment iff each agent A; for
which p(A;, A;) holds, 1 < 4,5 < n, simultaneously performs an action on the
environment. Moreover, these two agents have to act at connected places, that is
the subwords of the environmental state on which they execute the action have
to be adjacent.

An eco-grammar system ¥ = (E, Ay, As, ..., A,, k) is said to have parasitic
agents when there exists a non-symmetric binary relation x on {4y, Ay, ..., A,}.
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An agent A; is called a parasite of A; iff k(A;, 4;) holds, 1 < i,j < n. These
agents are not allowed to perform an action at the same time, even if they are
both active. Moreover, the parasite A; can only perform an action on a subword
of the environmental state that is the result of an action by A; at the preceding
derivation step, 1 < 1,7 < n.

One more possibility for both horizontal and vertical relations of agents, which
can capture predator-and-prey cycles, was also presented in [Csu 95] and based on
stratified grammar systems. A stratified eco-grammar system is a construct X =
(B, A1, Ay, ..., Ay), where E'is a usual environment and A; = (A;,, A;,, ..., 4;,)
is a multiset of usual agents AZ-]., 1 <j<k;and 1 <1 < n, called a stratum.
Furthermore, A; N A; = 0.

A state of a stratified eco-grammar system X = (E, Ay, As, ..., A,) is a con-
struct o = (wg, Wi, Wa, ..., Wy,) for wp € Vi, Wi = (wiy, wiy, ..., wy, ), wi; € Vi,
1<j<riand1<i<m. A state o0 = (wg, Wy, Wy, ..., W,) directly derives a
state o’ = (wly, W[, Wi ..., W), written as 0 =y, o, iff

® Wy, =y, (wp) w;Lj for 1 < j <r,, that is all new states of agents of stratum
A, are the result of an evolution,

o if wj, = ...1y...74 for x; € Vj, then w) = y;...2,...ys such that y;
is the result of an evolution of z; for ¢ # p and z, results from z, due to
an action of some agent of stratum A;;; for 1 <i < s, 1 <k < r; and

e cach active agent performs exactly one action and

e w', results from wg by a simultaneous action of all active agents of stratum
A; and an evolution of those symbols that are not being rewritten by this
simultaneous action.

The differences with the usual eco-grammar systems are obvious: an active
agent does not perform an action on the environment, but on some agent in the
stratum one level below it and the environment is modified exclusively by active
agents of the stratum being at the bottom of the hierarchy.

Changes of season can be captured by eco-grammar systems if the OL rules
for evolution are replaced by TOL rules; in a given moment (season) one such a
table (set of OL rules) is used. The moment to change from one season to another
can be triggered by a certain critical state (e.g. March 21st for the start of spring
in the northern part of the world). The conditional tabled eco-grammar systems
introduced in [CPS 95] can deal with seasonal changes. Moreover, this model
can cope with pollution by strongly polluting sources (agents) such as damaged
nuclear power plants or vulcanos. Therefore, the local action of agents on the
environment has been removed and evolution of the environment has been made
dependent of the states of the agents. This is done by so-called condition strings,
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both permitting and forbidding ones; a certain string must be present while
another may not be present to be able to apply a table. Hibernating animals
can be described by agents that are almost dead during a certain season, but
participate again after a change of tables.

In an eco-grammar system the agents can act on the whole environment,
though in real life organisms are mostly bounded to certain places. This can
be achieved in the model as well by the use of context-sensitive productions; a
symbol can only be rewritten in the presence of another specific symbol. In this
way migration of (groups of) organisms can be captured.

E Controlled hybrid CD grammar systems

To put the results in this section in a proper perspective, some results from
[CD 90], [Das 91b] and [Mit 90] are restated in the following lemma.

Lemma 32 For k,k' > 1 and f € {x,t} U{<k,=k, >k |k > 1}

(i) GCCDgpe(=k) = GCCD(<k) = GCCD(=Fk) = PR,
GCCD(>k) = GCCD(>k) C PR and
CF = GOCD(x) C GOCDypa(t) = GCCD(t) = ETOL,

(ii) HLCD(f)=CS and

(iii) GSMCD(f) = CS.

Furthermore, it is clear that similar to Lemma 24 every (hybrid) CD grammar
system is also a controlled (hybrid) CD grammar system.

Next, the generative power of controlled hybrid CD grammar systems will be
investigated, hence a restriction of the grammar systems which are controlled.
All the results in this appendix are new. First the case of a graph as external
control is considered.

Lemma 33

GCHCD C MAT,. and GCHCOD* C MAT.

Proof Consider a graph controlled hybrid CD grammar system
['= (NaTa Sa (Plafl)a (P27f2)7 ey (Pnafn)aU)
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To simulate this hybrid CD grammar system with graph control, construct the
following matrix grammar with appearance checking

where
N
7!
M

G'=(N',T',5' M, F"),

NU{SYU{[P, fil, [P 2 K] | (P, fi), (P, 2 k) € T, 1 < i <n},
T u{z},
{(S"= S[P, fi) | fi € {1} U{<k,=k,>k |k >1},1<i<n}U
{([P;, <k] = [P}, fj], A1 = @1, A2 = 29, ..., Ap — xp) |
Ay =z, € P fje{xt} U{<k,=k, >k | k>1},1<g<h<k,
(P, Pj)) e E,1<4,j<n}U
{([P <kl = [P, fi) | fj e {x 1} U{<k, =k, 2k [k = 1},
1<ij<n}U
{([Ps,=Fk] = [P}, f;], A1 = 21, A2 = 29, ..., A = ) |
Ay = x,€ P fje{xt}U{<k,=k>k|k>1},1<g <k,
(P, P) € B,1<ij<n}U
{([Py>k] = [P.>k], AL = 21, Ay = 2o, ..., A — ) |
Ay =z, € P1<g<k1<i<n}U
{([P;,>k] = [P;,>k]',A—2)|A—>2eP,1<i<n}U
{((P =k = [P i) | fi € {x t} U<k, =k, 2k [ k> 1},
(P, Pj) € E,1<i,j<n}U
{([Pi,*] = [Piy*x],A—2)|A—>2€P,1<i<n}U
{([P+] = [Py, fi]) | [ € {8} U{<k, =k, 2k | k 2 1},
(P, Pj) € E,1<i,j <n}U
{([P;,t] = [P;,t],A—z)|A—>2eP,1<i<n}U
{(Pt] = [Py, fil, Aiy = FL Aiyy = Fooo Ay, — F) |
dom(P;) = {Aiy, Aiy, . A 1 f5 € it} U{<k, =k, >k | k> 1},
(P, Pj)) e E,1<4,j7<n}U
{([P, fi] = 2) | fie{xtU{<k,=k, >k | k>1},1<i<n}and

in F' are all the productions A — F appearing in M.

The simulation starts with applying a production S’ — S[FP;, f;], where S is
the original axiom and [P;, f;] a marker, indicating which component is being
simulated and what its mode of derivation is. From S, the language of the graph
controlled hybrid CD grammar system will be generated and the marker will
control this generation.

When the mode is <k, indeed less than k times a production from the corre-
sponding component is used before handing over control to another component.
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Furthermore, this other component has to be connected to the current compo-
nent by an edge in the controlling graph. This test is done throughout the whole
construction, before handing over control to another component. In the case of
mode =k, exactly k£ productions are used. For mode >k first exactly k produc-
tions are used, after which the primed version of [P;, > k] is used to hand over
control to another component only after another zero or more rewriting steps.

If the mode is %, an arbitrary number of productions is used before handing
over control. Finally, in mode ¢ the same construction is used to rewrite an
arbitrary number of times. Moreover, the productions in the set F’ guarantee
that in this mode control can only be handed over to another component when
no more production of the particular component can be used. In the case of
mode < k and x the control can also directly be given to another component,
corresponding to the case when the less than k& or arbitrary number of rewriting
steps is in fact zero.

Eventually, the marker is replaced by z thus yielding L(G') = L(I'){z}. This
z can be removed by a morphism and thus, since it is known (see e.g. [DP 89])
that the family M AT,. is closed under restricted morphisms, L(I') € M AT,. and
the first statement of the lemma is proved.

The second statement of the lemma can be proved by a similar construction,
even simplified since the marker can be replaced by A instead of z, making the
use of a morphism unnecessary. O

Lemma 34

MAT C GCHCD and MAT* C GCHCD*.

Proof Consider a matrix grammar
G=(N,T,S,M).

Denote M = {my,ms, ..., my}. To simulate this matrix grammar, construct the
following graph controlled hybrid CD grammar system

F, = (N7T7 Sa (Plafl)a (P27f2)7 sy (Pnafn)aU)a
where

o (P, f1),(Ps, f2),---, (Py, fn) contains for every matrix
m; : (o4, = Biy, iy = Biy,y -4, — B ) € M, 1 <i < m, the components

(Pi;,=1), where P;; = {o;, — f3;;} for 1 <j <I[;and 1 <i<m.
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and

e U = (V,E), where for every matrix
m; : (CYZ'1 — ﬂil,OéiQ — ﬁiw“‘?aili — ﬂ”l) € M, 1 < 7 < m,
V={PF, |1<j<I;,1<i<m}and
E={(P;,P;,)|1<j<l;1<i<m}U{(P,,P,)|1<ik<m}.
For every production in matrices of M, a component is constructed operating
in mode =1. The strict ordering of productions in matrices of M is preserved
by the graph. After all productions of a matrix are used, a new matrix can be
started by beginning with its first production. This is all imposed by the graph.
Since the productions are put in different components following each other, it
is clear that a production can rewrite nonterminals introduced by a production

from the same matrix which precedes it in the ordering. It is thus clear that
L(I") = L(G) and that both statements of the lemma are now proved. O

To put these result in a proper perspective, note that the following diagram
now holds. An arrow in this diagram indicates an inclusion which is not known to
be proper, whereas a double arrow indicates a proper inclusion. Families which
are not connected by an arrow are not necessarily incomparable. The inclusions
can be found in the Prerequisites and Lemma 33 and 34 or are obvious. Moreover,
the same diagram holds when not restricted to A-free productions.

GCHCD — MAT,.

TNt
HCD  MAT

Note that one of the inclusions of MAT C GCHCD C MAT,. must thus be
proper.

Now the case of a gsm as control mechanism is considered, leading to a result
not only for control by a gsm but also for control by a hypothesis language.

Lemma 35 GSMHCD C CS.
Proof Consider a hybrid CD grammar system with a gsm
I'=(N,T,5,(P, f1), (P f2), - -+, (P, fn), 9)-
Furthermore, denote
g=(S,1,0,50,0, F) where =0 = (NUT).

To simulate this hybrid CD grammar system with a gsm, construct the following
Chomsky grammar of type-1.

G'=(N',T',S', P,
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NU{S", T,T, 50} U{[Cs, 5,51, [C}, fi, 31, [CY, fin 5] |
(P fi) €L, fie {<k,=k, 2k [k >1}1<i<n,0<j<k}U
{[Ci, g1, [CF, 9], (G gil | (Piygi) €T, g5 € {x,t},1 <i <n}U
{Cy,C1 | (Pt) €T, 1 <i <,
TU{L,R} and
{§8" = LTSR} U
(LT = L[Cy, £;,0, LT — L[Ci, g)] | f; € {<k,=k,>k | k > 1},
gi € {xt},1<i<n}U
{(Cs, fi, 31y — yCi, £, 30, [CL fi Gy — wICE i, dl,
y[CF, fis 31 = [CF fisjly |y € (NUT), fi € {<k, =k, >k | k> 1},
0<j<k1<i<n}u
{[Ci, gily — y[Ci, gi], [CF, gily — y[Cz{vgi]a ylCY, gi] — [C], gily |
€ (NUT),g; € {xt},1<i<n}U
{IC;, fi, J]A = 2[C, fi, 4] | A= x € P,,f, € {<k =k,>k|k>1},
0<j<kl1<i<n}uU
{[Ci, gi]A — 2[C}, gi] | A = 2 € Py, gi € {*,1},1 <i<n}U
{[Cs, fi, IR = [C], fi, IR | fi € {<h, =k, >k | k > 1},
0<j<kl1<i<n}uU
{[Ci, gilR — [C], gilR | gi € {*,t},1 <i<n}U
{LICY, fi, 3] = LICy, fi, + 1 | fi € {<k, =k, >k | k > 1},
0<j<k-1,1<i<n}U
{LIC!, <k,j] > Lsy | 0<j<k,1<i<n}U

{L z’,—k k] = Lsg|1<i<n}U
C!' >k, k] = L[Ci, >k, k], L[C!, >k, k] = Lsg | 1 <i < n} U
{LICY, %] = LIC;, #], LIC], ] = Lso | 1 < i < n} U

[
[
{L]
[
{L[C;,*] = Lsg |1 <i<n}U
{L[C;,t] — LCy,, LIC! ] = LCy, |1 <i<n}U
{Cry = yCy, |y w2 ¢ Phbye (NUT) 2z e (NUT), 1<i<n}U
{C,R — C{ R,yC; — Ciy,LC} — Lsg |y e (NUT)", 1 <i<n}U
{s12 = ysy | (s17,ys2) €6} U{sR—-TR|se€ F}U
(yT — Ty|yeOyU{LT — LT'} U
{T'y - yT'|ye T}U{T'R — R}.

The simulation starts by introducing the sentential form LT'SR, where S is
the original axiom, 7" is a marker and L and R are terminal symbols indicating
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the left and right end, respectively, of the sentential form. From S the language
of the hybrid CD grammar system with a gsm will be generated and the marker is
non-deterministically replaced by a control symbol [C;, f;, j] or [C;, g;] indicating
the use of a component P; working in mode f; € {<k,=k,>k | k > 1} or
gi € {*,t}, respectively. In the case of a mode f; € {<k,=k,>k |k > 1} a
counter 7, 0 < 7 < k, is used; in the case of mode * or ¢ this is not necessary.

The simulation continues by moving the control symbol to the right (skipping
terminals and nonterminals) until a nonterminal is replaced by a production from
the component P;, consequently priming the control symbol. Then this primed
version of the control symbol is moved completely to the right of the sentential
from, where it becomes double primed and is moved completely to the left again.
When it is completely on the left of the sentential form, some different cases need
to be considered.

In the case of mode <k, =k or >k (for a k > 1) the counter is increased by
one and the process is repeated. When exactly k& productions of the component
P; are used (when j reaches the value k) and the mode is =k, the control symbol
is replaced by sp. In the case of mode <k this can happen for every value of j
between zero and k. For mode >k this production can be used when j is equal
to k, but also another process guided by the initial control symbol with counter
k can be started. This allows the use of a production more than £ times, indeed
corresponding to mode >k, before replacing the control symbol by sy.

In the case of mode %, the control symbol can be replaced by sq after using
P; an arbitrary number of times indeed. The same holds for mode ¢, except that
before introducing sq a test is done to check if there is indeed no production left
from P; that can be used on the current sentential form. For this test, a test
symbol Cj, is introduced, indicating for which component (P;) this test is done.
This test symbol is moved from left to right over the sentential form, allowed to
skip any terminals but only those nonterminals for which there is no production
in the component P; being tested. When it reaches the right end, it is replaced
by its primed version which is then moved completely to the left to be replaced
by sg.

In any mode, the result is the introduction of sq to indicate the end of the
work of the component. This sq is the start-symbol of the gsm. Next, the usage
of the gsm is simulated on the sentential form remaining after using a component.
It does its work as usual and when it reaches the right side of the sentential form
in a final state, this final state-symbol is replaced by the marker 7" again. This
T is moved to the left, skipping only symbols from the output alphabet of the
gsm, where it is replaced by T7". Finally, this 7" is moved completely to the right
skipping only terminals before it disappears.

From this detailed explanation it is clear that L(I') = { L} L(I'){ R} and, since
it is known (see e.g. [Sal 73]) that the family C'S is closed under cancellation of
first and last letter, L(G') € C'S and the lemma is thus proved. O
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This lemma leads to the main result of this appendix, presented in the fol-
lowing theorem.

Theorem 17 For f € {*,t} U{<k,=k, >k |k > 1}

CS = HLCD(f) = HLHCD = GSMHCD.

Proof The first equality can be found in Lemma 32. Furthermore, the
inclusion HLC'D(f) € HLHCD is obvious. It is also clear that a gsm can
check whether a given input-string is in a regular language; it can thus play the
role of a hypothesis language and hence HLHCD C GSMHCD holds. Finally,
Lemma 35 finishes the proof of this theorem. O
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