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Abstract. The study of teams in grammar systems so far has evolved
around teams being formed from a finite number of sets of context-free
productions. Here, the generative power of teams in grammar systems
consisting of regular, linear and metalinear sets of productions is investi-
gated.

For these sub-context-free cases the forming of teams strictly increases the
generative power of the underlying grammar systems in many cases.

1. Introduction

When an agent is unable to tackle a complex problem, due to limited capabilities,
it seems natural to try to tackle the problem by more than one agent. This results in
what they call in Artificial Intelligence (Al) a multi-agent system. An example of the
idea of multi-agent systems in Distributed Al are is the so-called blackboard model of
problem solving. ‘

This model starts with a given problem specified on the blackboard. Several
knowledge sources contribute, regulated by a certain strategy, to solving the problem
by changing the current state of the blackboard. During the problem solving, the only
way in which these knowledge sources can communicate with each other is by using
the blackboard. Finally, in the case of successful cooperation, the solution appears on
the blackboard.

The link between this blackboard model of problem solving and formal languages
was established in [5]. The knowledge sources correspond to grammars, changing
the current state of the blackboard corresponds to rewriting the sentential form, the
strategy is regulated by so-called derivation modes and the solution is represented by a
terminal word. In [3], cooperating distributed grammar systems, CD grammars systems
for short, have been introduced as a formal realisation of this link. These systems have
been investigated intensively. Moreover, they have initiated the development of the
theory of grammar systems. This theory has already resulted in the monograph [4],
which contains an exhaustive survey of the state of the art in the area until ca. 1992.

Already, several well-motivated enhancements of these CD grammar systems have
been introduced, such as hybrid CD grammar systems ([15]), tearn CD grammar sys-
tems ([13]) and, most recently, hybrid team CD grammar systems ([2]). In hybrid CD
grammar systems, a more realistic approach to cooperation is considered, by assum-
ing the grammars to have different capabilities. In team CD grammar systems the
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natural idea of work being done in teams is incorporated in the system by grouping
several grammars and use them to rewrite in parallel. The teams are either formed
automatically or prescribed and several versions of the maximal competence strategy
in CD grammar systems are defined. Hybrid teamn CD grammar systems combine
these two ideas.

In {13] it was shown that there are situations in which the forming of teams enlarges
the power of the underlying CD grammar system and that they form an AFL when
working in the maximal competence strategy. Moreover, in [6] it was proved that
teams of size two suffice. In [19] it was shown that there are situations in which
exactly the power of programmed grammars is obtained (recursively enumerable when
A-productions are allowed) and in [11], this result was extended to cover more cases
of teams in grammar systems. Another surprising result is that the different maximal
competence strategies introduced in each of these papers lead to the same generative
power. In [2], finally, it was proved that when hybrid teams are allowed the generative
power is not enlarged any further. However, every recursively enumerable language
can be generated by a hybrid prescribed team CD grammar system with teams of
two members. Moreover, concerning syntactic complexity these systems could well be
favoured.

Until now, only team CD grammar systems with context-free productions have
been considered. Here, the case of a restriction to regular, linear and metalinear
productions is studied. For (hybrid) prescribed team CD grammar systems with teams
of constant size and regular productions, the team-forming enlarges their generative
power beyond the class of regular languages to the class of regular simple matrix
grammars. Hence it extends also beyond the power of regular (hybrid) CD grammar
systems. The same holds in the case of a restriction to linear productions. These
results lead to several corollaries, one of these being that the class generated by
(hybrid) prescribed team CD grammar systems with a restriction to regular or linear
productions and teams of constant size is incomparable with the class of context-free
languages. On the other hand, (hybrid) (team) CD grammar systems with context-
free productions include that class, whereas for the metalinear case, incomparability
is only conjectured.

In the case of teams of variable size, no more than the class of regular or linear lan-
guages can be generated by (hybrid) prescribed team CD grammar systems with only
regular or linear productions, respectively. However, when restricted to metalinear
productions, the generative power of (hybrid) prescribed team CD grammar systems
extends beyond the class of metalinear languages. Moreover, already the class gen-
erated by prescribed team CD grammar systems with this restriction to metalinear
productions is equal to the class of programmed grammars with the same restriction
and appearance checking in the case of the maximal competence strategies. For the
other modes of derivation, the results hold only without appearance checking.

2. Preliminaries

In this section, some prerequisites necessary for understanding the sequel are de-
fined. For details and unexplained notions, the reader is referred to [22] for formal
languages, [9] for regulated rewriting, [21} for Lindenmayer systems and [4], [7], [8]
and [17] and [2] for (variants of) grammar systems.

The set of all non-empty strings over an alphabet V is denoted by V*. If the empty
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string, A, is included, the notation becomes V*. The length of a string z is denoted
by |z|.

An inclusion is denoted by C, whereas a proper inclusion is denoted by C.

Sometimes, the notation for a family of languages contains a A between the brackets
[ and ). This means that the statement holds in the case of allowing A-productions
(indicated by the X inbetween brackets) as well as in the case of a restriction to A-free
productions (thus neglecting the A inbetween brackets). Also other symbols between
brackets must now be understood.

Without definition, the family of regular (REG), linear (LIN), metalinear
(MLIN), context-free (CF) and context-sensitive (C'S) languages are used in the
sequel. Their definitions can be found in, e.g., [9]. The same holds for the family of
languages generated by ETOL systems (ET0L). Finally, also the family of languages
generated by [hybrid] CD grammar systems ([H|C'D) shall not be defined here. How-
ever, their definitions can be found in [4] and will become clear in the sequel.

None of the above families of languages will be used in any construction in the
proofs. Those families of languages that are used in (some of) the proofs below, are
defined next.

An unordered scattered contezt grammar with appearance checking ([14]) is a con-
struct G = (N, T, S, P, F), where N is the set of nonterminals, T is the set of terminals,
S € N is the axiom, P = {p1,ps,--.,Pn} I8 a finite set of rules (rules are of the form
pi i (q1,0z,. .., am;) = (B1, Be, - - -, Bm,;), Where aj — f; are productions over N UT)
and F is a set of occurrences of productions in P, 1 < ¢ < n. For w,w’ € (NUT)*
and 1 < < n it is said that w directly derives w', written as

! . !
w=w il w=wiew, .. Wi, Wnt1, W =w1Bywafi, .. Wi Fi, Wi,

Pi: (al7a27"')ap) - (ﬂl)ﬂ?:"':ﬂp) € Py (ail,aiga---;aiﬂ.) is a

permutation of a subsequence of (eq, z,...,0,), wy € (NUT)"
and 1 <l<m+1
and o; in {a1,0q,...,0,} and not in {ay,, 0, ..., @, } implies that

oy is not contained in w and a; — §; € F.

If F = ), the unordered scattered context grammar is called an unordered scattered
contezt grammar without appearance checking and F' is omitted from the construct.
Moreover, if F' contains all occurrences of productions in P, the unordered scattered
context grammar is called with unconditional transfer. The language generated by
Gis L(G) = {w € T* | S =* w}, where =" denotes the reflexive and transitive
closure of =.

The family of languages generated by unordered scattered context grammars with
A-free context-free productions in P is denoted by USC,. in the case of grammars with
appearance checking; when grammars without appearance checking are considered the
subscript ac is omitted and when grammars with unconditional transfer are considered
the subscript ac is replaced by wt.

A programmed grammar ([20]) is a construct G = (N, T, S, P), where N is the set
of nonterminals, T is the set of terminals, S € N is the axiom and P is a finite set
of productions of the form (r : & — 8,0(r), ¢(r)), where r : @ — 3 is a production
over N UT, labelled by r. Denote by Lab(P) = {r | (r : @ — B,0(r),¢(r)) € P} the
set of labels of productions of G. Then o(r) C Lab(P) is called the success field of
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production r and ¢(r) C Lab(P) the failure field. For (r1 : @ — B,0(r1),0(r1)) € P
and w,w’ € (N UT)* it is said that w directly derives w', written as

(w,ry) => (w',r2) ff w=wows, v =wPw;andry € o(ry)

or w=uw', @ — f cannot be applied to w and ry € ©(ry).

If the failure fields are empty for every production, the programmed grammar is
called without appearance checking; otherwise it is called with appearance checking.
Moreover, if the success field and the failure field coincide for every labeled produc-
tion, the programmed grammar is called with unconditional transfer. The language
generated by G is L(G) = {w € T | (5,r0) =* (w,r1), ro,71 € Lab{P)}, where
==* denotes the reflexive and transitive closure of =>.

The family of languages generated by programmed grammars with A-free context-
free productions in P is denoted by PR,. in the case of grammars with appearance
checking; when grammars without appearance checking are considered the subscript
ac is omitted and when grammars with unconditional transfer are considered the
subscript ac is replaced by ut.

A matriz grammar with appearance checking is a construct G = (N, T,S, M, F),
where N is the set of nonterminals, T is the set of terminals, S € N is the axiom, M is a
finite set of matrices of the form m : (r1,72,...,7,), where r; : o; — ; are productions
over NUT and |a|y > 1,1 <7 < nand F, finally, is a set of occurrences of productions
in M. For w,w’ € (NUT)*and m : (a4 = P, = Pa,..., 00 — B,) € M it is said
that w directly derives w', written as

w=>w  iff  there exist wp,wy,...,w, € (N UT)" such that
wo=wand w, =w' andforall 0 <i<n~1
either w;_; = wi_jouw! , and w; = w!_, fiw! 4
for some w}_;,w! , € (NUT)*
or the production a; — §; cannot be applied to w;_g,

a; — 0; € F and w; = w;_1.

If F = 0, the matrix grammar is called a matriz grammar without appearance
checking and F is omitted from the construct. Moreover, if F' contains all occurrences
of productions in M, the matrix grammar is called with unconditional transfer. The
language generated by G is L(G) = {w € T* | S =* w}, where ==* denotes the
reflexive and transitive closure of ==.

The family of languages generated by matrix grammars with A-free context-free
productions in M is denoted by M AT,, in the case of grammars with appearance
checking; when grammars without appearance checking are considered the subscript
ac is omitted and when grammars with unconditional transfer are considered the
subscript ac is replaced by ut.

A simple matriz grammar ([12]) of degree n, n > 1, is a construct G =
(N1, N, ..., N, T, S, M), where Ny, Ny, ..., Ny (sets of nonterminals) and T (the set
of terminals) are pairwise disjoint alphabets, S ¢ (Ui, Vi UT) is the start symbol
and M is a finite set of matrices, each of one of the following forms.

(a) (S — z), for x €T,
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(b) (S — A1A;...A,), for A;€ Nyand1 <i<nor

(c) (Ay — 1,43 — Tg,..., Ay = 2,,), for A; € N;, z; € (N; UT)* and
lziln; = |zj|n, for all 1 < 4,5 <.

For w,w' € (LJ2, N; UT U {S})* it is said that w directly derives w’, written as
? 1=1 y ]

w=vw ff w=Sand(S—w)eM
or w=vA1wvdsw; ... v AWy, W = VITIWVTIWs . . . VT W,
A;e N, v;eT" w,z; € (N,'UT)*, 1<i:<mnand
(A1 — 21, A2 — z2,..., Ay > 2,) € M.

The language generated by G is L(G) = {w € T* | § =* w}, where =" denotes
the reflexive and transitive closure of =.

A simple matrix grammar is called regular, linear, context-free or A-free iff the
productions appearing in matrices of type (c) in M are all regular, linear, context-
free or A-free, respectively. The family of languages generated by A-free context-free
simple matrix grammars of degree n, n > 1, is denoted by SM(n). Furthermore,
denote SM = |, SM(n) and likewise for the other cases.

For all generative devices mentioned above, only the notation in the case of A-free
context-free productions was given. However, when the productions are of type X, for
X € {REG,LIN,MLIN}, a subscript X is added to the notation. Moreover, when
there is no restriction to A-free productions a superscript X is added to the notation.

3. Hybrid Prescribed Teams of Grammars

Definition 1. Let N and T be two disjoint alphabets. A production over (N, T)
is a pair (A,z) € N x (NUT)*. Usually, A — = shall be written instead of (4, z). If
z # A, then A — z is called a A-free production. A team over (N,T") is a multiset of
sets of productions over (N, T'). The sets of productions occurring in a team shall be
referred to as components.

A team rewrites a string in the following manner.

Definition 2. Let N and T be two disjoint alphabets. Let () be a team over
(N,T) and z,y € (N UT)*. Then z is rewritten by @ into y, written as

z =>q y ff z=z1A122A0.. 2, 0201, Y= Z1¥122Y2. . TnYnTnt,
€ (NUT), 1<i<n+1, A;—>y;€ P, 1<j<nand
Q={P,P,..., P}

A derivation step of a team thus consists of choosing a production from each
component of this team and apply these in parallel on the string to be rewritten. If Q
is a singleton team, i.e. ) = {P} for some set of productions P, then z = p y shall
be written instead of z ==(p} y. It is clear that in that case only one symbol in z is
rewritten, using a production from P.

So-called modes of derivation are used to prescribe halting requirements on the
use of a team. These modes can be divided into three groups. Firstly, mode * has
no restrictions whatsoever. Any number of derivation steps is allowed. Secondly,
modes < k, =k and > k restrict the number of derivation steps to at most, ezactly
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and at least k derivation steps, respectively. Thirdly, modes to, ¢1 f derivation steps.
All three prescribe a slightly different condition which needs to be fulfilled before a
team is considered to have successfully worked in that mode. In the case of mode ¢
the work of a team ends successfully when no further derivation step can be done as
a team, in the case of mode t; the work ends when no component of the team can
apply one of its productions any longer and in mode 5, finally, the work of a team
ends when there is at least one component that can no longer apply one of its produc-
tions.

Definition 3. Let @ = {P, P,,..., P} be a team over (N,T) and let f €
{<k,=k,>k | k> 1} U {*,t0,t1,12} be a mode (of derivation). Furthermore, let
z,y,2 € (NUT)* and k € N. Then z is rewritten by ¢, working in mode f, into y,
written as

x =>5]C y iff =z :—>5 y for some k' < k,

e =7y iff =¥5 Y,

T :%k y iff z =>g y for some k' > k,

r =5 y iff = =>'5 y for some k,

T ﬂg’ y iff z =7y and there is no z such that y =>¢q 2,
T ————>8 y iff 2z == y and for no component F; € ¢) and no z

there is a derivation y =>p, z and
z :>tQ2 y iff 2 == y and there is a component F; € )
for which there is no derivation y =>p; 2.

The three variants of the t-mode of derivation first appeared in [11] (¢o), [13] (¢1)
and [19] (t2); the other modes of derivation are the natural extension of the modes in
CD grammar systems (see [4]) to teams of grammars.

Now the definition of hybrid prescribed teams in the theory of grammar systems
from [2] can be introduced.

Definition 4. A hybrid prescribed team CD grammar system is a construct

= (N1T757P17P27'"7P7'-7(Q17f1)7(Q27f2)7'"7(Qm7f1n))7

where N is the set of nonterminals, T is the set of terminals, with NNT =0, S e N
is the axiom, P, Ps,..., P, are sets of productions over (N,T), G1,Q2,...,Qm are
teams with components from Py, Ps,..., P, and fi, fa,..., fm are modes of deriva-
tion.

This definition is more general than those from [13] and [19]. If, in this construct,
fi = f; for all 1 < 4,5 < m, the definition of a prescribed team CD grammar system
as in [19] is obtained.

Note that in this definition, there is no restriction on the size of a team. In the
original definition of teams in [13], however, they are of constant size. A natural
number s > 1 is given and the teams are formed such that the number of components
of every team is exactly s; these teams are called of constant size s. Moreover, in that
definition the teams are not prescribed, but each set of components can be a team
(so-called free teams) as long as the size restriction is fulfilled.
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It is now clear that one can differentiate between the following four variants of
teams in the theory of grammar systems. For all four, hybridity is another possibility.

Free teams of constant size: this is the original definition of [13], as explained above.
Free teams of variable size: each subset of components can be a team.

Prescribed teams of constant size: all prescribed teams consist of the same number of
components.

Prescribed teams of variable size: these are defined in Definition 4.

In the case of teams of constant size, whether prescribed or free, a fintte set of
axioms W C (N UT)*, with only one string in it containing nonterminals, is allowed.
This is done since otherwise in the case of A-free productions no string shorter than s
could be generated. In the case of free teams with teams of constant size, the construct
thus becomes I' = (N, T, W, P, P,, ..., P,). The modifications in the other cases are
obvious.

Definition 5. Consider a hybrid prescribed team CD grammar system I' as in
Definition 4. Then the language generated by T is

L) ={z € T* | § =§ wy, =5 ... ={7 wi, =2, 1<4;<m, 1<) <p}.

When dealing with a language generated by teams of constant size, the notation
of Definition 5 is modified to L(T',s). When the teams are not hybrid, the mode of
derivation is added as a subscript to this notation.

The family of languages generated by CD grammar systems with hybrid prescribed
teams of variable size and A-free productions of type X is denoted by HPT,CDyx.
When teams are of constant size s, the x in the notation is replaced by s and when
there is no restriction to A-free productions, A is added to the notation as a super-
script. When dealing with context-free productions this need not be specified and the
subscript is thus omitted. Finally, when the teams are not hybrid (prescribed) the H
{P) in the notation is omitted.

Some relations concerning the generative power of several of these grammar sys-
tems discussed above are given next. A more complete overview can be found in
[1]. In the first paper on teams in grammar systerus, [13], it was proved that, for
fe{=L21x}U{<k|k 21},

CF = T\OD(f) C T,CD(f) and

These relations prove that there are modes of derivation for which the forming of
teams strictly increases the power of CD grammar systems, since CD(¢) = ET0L and
CF=CD(=1)=CD(=1) = CD(x) = CD(<k) for a k > 1 were already known to
hold (see, e.g., [4]). In [6] it was proved that teams of size two suffice, i.e. for s > 2

T,CD(t,) C TyCD(t).
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The main results of [19] are, for s > 2, f € {x}U{< k,=k, >k | k£ > 1} and
g € {t1, a2},

PRW = pT,cDM(f) = PT,CDY(f) and
PRY = T,cDM(g) = PT,cDM(g) = PT.CDM(g)

and the main result of [11] is, for s >2 and h € {to,t1},
MATX = T,c DW(h) = PT,CDX(R) = PT,CDM(R) = T.C DM (k).

In [2] it was proved that HPT,CD C M AT, which, together with the results stated
above, leads to the following relations for hybrid teams. For s > 2

PRY = HPT,cDYW = HPT.CDM.

4. The Sub-Context-Free Cases

In the previous section, results concerning (hybrid) (prescribed) team CD grammar
systems with context-free productions were presented. In this section some results
concerning a restriction to regular, linear or metalinear types of productions will be
presented.

Recall the fact that, whether free or prescribed, teams with constant size are
allowed to have a string axiom, whereas teams of variable size always have a single
start symbol.

4.1. The Regular and the Linear Cases

First, a result for the regular case of prescribed team CD grammar systems with
constant team-size 1 is presented.

Lemma 1. For f € {x1}U{<k,=k,>k|k>1}andg € {=k,>2k |k >
2} U {tO)t17t2}
REG = CDREg(f) C PTchREG(g)-

Proof. The equality is proved in [4] and it is obvious that CDgec(f) C
PTiCDgpc(g) for f € {xt}U{<k,=k,>k | k> 1} and g € {*,%0,t1,22} U {<
k,=k,>k | k > 1}. Furthermore, the prescribed team CD grammar system, with
teams of constant size 1,

rl = ({AO’A;”AD Ila e ’A;c-2’Ba B’}a {a'7 b}a AB; P17P2’ P3a {Pl}a {P2}7 {P3})’
where

P1 = {Ao - Al,A1 g Ag, . .,Ak_z s GAIO,B — bBI},

P, = {A,— A Al — A),... A, — Ao, B’ — B} and

P3 = ‘{A"—)Al,Al—*Az,...,Ak_z—-)G,B—-)b}.
contains only regular productions and it generates Ly(T'y,1) = {a"" | n > 1} €
PT\CDrea(f) \ REG for f € {=k, 2k | k > 2} U {to, 11,12} m)

Hence already a prescribed team CD grammar system with only regular produc-
tions and teams of size 1 can generate more than the class of regular languages and
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more than a CD grammar system with only regular productions. The next lemma
states that also in the linear case the prescribed team CD grammar systems with
teams of any constant size can generate more than the class of linear languages as
well as more than CD grammar systems with only linear productions.

Lemma 2. For f € {x{}U{<k,=k,2k |k 2>21}, g€ {=k>Fk]| k>
2} U {tg,tl,tz} and gl S {*,tg,tl,tz} U {S k,zk,Zk I k > 1}

LIN = CDyn(f) € PTiCDrin(g) € PTYOD(g") = CD(f).

Proof. The first equality can be proved with a similar proof as for the regular case
(see Lemma 1) and CDrin(f) € PT1CDrin(g) is obvious, for f € {,t} U {<k,=
k,>2k | k> 1} and g € {*,f0,t1,02} U{< k,=k,>k | k > 1}. Furthermore, the
prescribed team CD grammar system, with teams of constant size 1,

F2=({A01 Aé)aAlaA,p . '7A;—27Ba BI}’ {aab7 c}7ABaP17P2aP37 {P1}7 {P2}7 {P3})7
where

P1 = {Ag g Al,Al — Az,. . .,Ak_g - aAf)b,B — CB,},
P, = {Aj— A A, — A, A, — Ay, B’ — B} and
P3 = {A-—>A1,A1—)Ag,...,Ak_zqab,B—)C}.

contains only linear productions and it generates Ls(I';,1) = {a™b"c® | n > 1} €
PT\CDLin(f)\NLIN for f € {=k,>k | k > 2} U {to,t1,t2}. The last inclusion in the
statement of the lemma is obvious and to prove the last equality, only the inclusion
PTyCD(g") € CD(f) is not obvious. To prove this inclusion, all teams of size 1
become a component of the CD grammar system and a component {5 — 5,5 — w |
w € W}, S being the axiom of the CD grammar system and W being the finite set
of string axioms of the prescribed team CD grammar system with teams of constant
size, i1s added. The mode of derivation remains the same, except that for #o, ¢; and 1,
it becomes t. a

These two results lead to the following corollary for hybrid prescribed team CD
grammar systems with teams of constant size 1 and only regular or linear produc-
tions.

Corollary 1.

REG = HCDgge C HPT\CDgrgg € HPT\CDyin and
LIN=HCDpy CHPT'CDriy C HPTWCD = HCD.

Proof. The equality REG = HC Dggc is proved in [13], a similar proof can prove
this equality for the linear case. The inclusions of hybrid CD grammar systems with
only regular or linear productions in hybrid prescribed team CD grammar systems
with teams of constant size 1 and only regular or linear productions, respectively, are
obvious. Moreover, Lemma 1 and 2 prove their properness. The remaining two inclu-

sions are also obvious and the last equality can be proved with a similar construction
as for the proof of PTyCD(¢') = CD(f) in Lemma 2. O

Hence also hybrid prescribed team CD grammar systems with only regular (linear)
productions and teams of size 1 can generate more than the class of regular (linear)
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languages as well as more than hybrid CD grammar systems with only regular (linear)
productions can.

In fairness, it must be noted that all proper inclusions proved in this section so
far are due to the existence of a “non-linear” axiom, not to the very use of teams.

In fact, the following holds. To be more precise, denote [H|P,T1C Dx(f) for the
class of [hybrid] prescribed team CD grammar systems with at most n occurrences
of nonterminals in the string axiom, teams of size 1, only components of type X and
working in mode f (omitted in the hybrid case).

Theorem 1. Forn > 1, X € {REG,LIN} and f € {to,t1,t2}U{=k, >k | k > 2}

HPnTchX = PnTchx(f) = SMx(n) =
SMy(n) = B,TyCD%(f) = HP,T:CD%.

Proof. In [4], so-called extended C D' grammar systems are defined. In the termi-
nology of this paper, these systems are CD grammar systems with a string axiom. In
[10] these extended CD’ grammar systems with only regular productions, at most n
nonterminals in the string axiom and working in mode f € {{}U {=k,>k | &k > 2}
(EnCDige(f)) are proved to be equal to the regular simple matrix grammars of
degree n.

Clearly, EnCDygo(f) = PaTiCDrpo(f) for f € (x} U{<k,=k,2k |k > 1}
and E,CD%ps(t) = P.TiCDgrge(g) for g € {to,t1,t2}. When observing the proof,
it can be seen that it holds for the linear case as well. Moreover, the construction
can easily be modified to hold for the hybrid case as well. (One just has to code
all nonterminals, thus indicating which mode is currently being simulated.) Finally,
SMj(n) = SMx(n) for X € {REG,LIN} was proved in [16] and the proof thus
holds for both the case of forbidding and the case of allowing A-productions. ]

This theorem has some interesting corollaries, since the families of regular and
linear simple matrix grammars are well-investigated. A survey of simple matrix gram-
mars can be found in [9], where the proofs of the results corresponding to the coming
corollaries can be found.

Corollary 2. Forn>1and f € {=k,>k|k>2}U {to, 1,12}
P, TyCDgree(f) = HP,T1'CDrge C P, TACDyn(f) = HP,TZ'CDpn.

Corollary 3. The number of nonterminal occurrences in the azioms of pre-
scribed team CD grammar systems, with teams of size 1 and only regular or only
linear productions, defines an infinite hierarchy of languages generated in all modes
fe{=k>k|k>2}U{to,t1,t2}. The same holds for the hybrid versions of these

families of languages.

Corollary 4. For s > 1 and f € {=k,>k | k> 2} U {to, 11,22}

[H)PT,CDggc(f) is incomparable with LIN and
[H|PT,CDrin(f) is incomparable with C'F.

The question is now what can be said about the generative power of {(hybrid)
prescribed team CD grammar systems with only regular or linear productions and
teams of constant size s, for s > 2. From the results presented in Section 3, a
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comparison with the programmed (or matrix) grammars with only regular or linear
productions seems natural. These, however, are equal to the classes of regular and
linear languages, respectively, even when appearance checking is used. The proofs for
these equalities in the regular case can be found in [9] and the proofs for the linear case
can be proved similarly. Hence the inclusions PRrgc = PRrEGec C PTAC Drec(f)
and PRr;N = PRring. C PTiCDgrpa(f), for f € {=k, >k | k > 2} U {tg, 1,12}, are
obvious.

Moreover, the equalities between the programmed grammars and matrix grammars
hold in the regular and linear case as well, even with appearance checking. Again,
proofs of these equalities can be found in [9]. Note that these proper inclusions hold
already for teams of constant size 1. Thus to find a good comparison for the generative
power of (hybrid) prescribed team CD grammar systems with only regular or linear
productions and teams of constant size s, s > 2, remains an open problem.

After these results for (hybrid) prescribed team CD grammar systems with teams
of constant size, some results for the case of teams of variable size are presented next.
The difference is the use of a single nonterminal as axiom in the case of teams of
variable size, whereas in the case of teams with constant size a finite set of string
axioms, with only one of them containing nonterminals, is used.

Lemma 3. For f € {,to,t1,t2} U{<k,=k,>k| k> 1}

HPT.CDgge = PT.CDrge(f) = REG and
HPT,CDp;ny = PT.CDpin(f) = LIN.

Proof. For teams with more than one component at least two nonterminals must
be present in a sentential form, in order to use that team to rewrite that senten-
tial form. This is in contradiction with the facts that every I' € {HPT,.C Dggq,
PT.CDgrga(f), HPT.CDpin, PT.CDin(f) | f € {*,to,t1, 2} U {<k, =k, >k | k>
1}} has a single nonterminal as axiom and regular or linear productions, respectively.
For teams of size one, the equality with (hybrid) CD grammar systems is obvious for
the regular case as well as for the linear case, keeping in mind the use of a single
nonterminal as axiom. From {4] ([15]) it is known that (hybrid) CD grammar sys-
tems with only regular productions do not generate more than the class of regular
languages and similar proofs can be used to prove these results for the linear case as
well. 0

4.2. The Metalinear Case

It is obvious that the (hybrid) prescribed team CD grammar systems with teams
of variable size and metalinear productions are able to generate languages beyond the
class of regular or linear languages. What’s more, the following lemma holds.

Lemma 4. For f € {*,t}U{<k,=k,>k | k> 1} and g € {=1,>1,%,tg,11,£2} U
{<k|k=>1}}

MLIN = CDypin(f) = HCDypiw € PT.C Durin(g)-

Proof. The first two equalities can be proved by the proofs of REG = C' Dgre(f)
([4]) and REG = HC Dgge ([15]), with the obvious modifications. Furthermore, it is
clear that MLIN C PT.CDpyrin(f), for f € {*,t0,t1,t2} U {<k,=k, >k | k > 1}}.

Moreover, the prescribed team CD grammar system

FS = ({S7AaB)C}7{a7bac}7SaP17P27'--’P7,{Pl}){PQ,PS,Pti}’{P57P67P7}),
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with teams of variable size and the metalinear productions

P, ={S— ABC}, P, ={A— a4}, Ps={A—a},
P3:{B—)bB}, PSZ{B——)IJ},
Po={C —cC}and P,={C— c},

generates L(I's) = {a™"c" | n > 1} € PT.CDypin(g) \ CF, for g € {=1,>
1,%,tg,t1,t2} U {< k| k > 1}}. Since it is known that {a™b"c” | n > 1} € CS\ CF
and from the Chomsky hierarchy that MLIN C CF C (S, the inclusion is proper
indeed. O

Hence even languages beyond the class of metalinear languages can be generated
already by a prescribed team CD grammar system with teams of variable size and met-
alinear productions for some modes of derivation. For prescribed team CD grammar
systems with teams of constant size, no version containing only metalinear produc-
tions is defined due to the string axiom they already possess. Note, however, that the
lemma above does not cover all modes of derivation, which Lemma 7 below will.

The following theorem is obtained by combining the results of the previous section
and the results obtained so far in this section.

Theorem 2. For f € {#,to,t1,t2} U{< k,=k, 2k |k > 1} and g € {=1,
217*7t07t17t2}u{sk!k‘21}

PT.CDpg(f) = HPT.CDpge C PT.CDyin(f) = HPT.C Dy C
MLIN C PT*CDMLIN(g) C HPT,CDpypiN.

The question is now how far these (hybrid) prescribed team CD grammar systems
with teams of variable size and metalinear productions extend beyond the class of
metalinear languages. Before presenting a theorem that answers this question, two
lemmas are needed.

The proofs of these lemmas are given because the metalinear case is not covered
in [9]. Moreover, since the proofs are based on the proofs for the context-free case in
[9], they explain the techniques that are used to prove those frequently used results
of the next lemmas in the context-free case.

Lemma 5.
A A ) X
us CJ[\/I]LIN crp RE\/I]LIN and US CI[\l]LIN,ac cP REV!]LIN,ac'

Proof. Only the second statement is proved here (for the A-free case), the others
can be proved in a similar way. Consider an unordered scattered context grammar

G =(N,T,S,P,F)

with appearance checking and only metalinear productions. Define the homomor-

phism A from (N U T)* into ({A' ]| A€ N}UT)* by
h(a) = a for a € T and h(A) = A’ for A€ N.

Next, for a rule v : (a1, 02,...,0n) = (B1,P2,...,0n) € P, denote h($15:...5n) =
w1 Blwy By . .. w Bl w1 with w; € T* for 1 <4 < m+1. To simulate this unordered
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scattered context grammar with appearance checking, construct the programmed
grammar with appearance checking

G =(N.T,5,P),

where
N’ = NU{A'| Ae N}U{S'} and
P' contains for S’ the starting productions (s: 8" — S, {[r,1,0] | r € P}, )

and for every production r : (o, 02, ..., &) = (B1, B2, -, Bn)
in P the productions
([r,2,0] : i = R(B:), {[r,i + 1,01}, {0 | i — B ¢ F}U

{lri+ 1,0 | o — Bi € F}),
([r,n,0] : en — B(Br),{[r, 1,11}, {0 | @ — Bn ¢ F} U

{[r,1,1]{an — Bn € F})7

([r,5,1] : B; = B}, {[r,5 + 1,11}, {[r,5 + 1,1]}) and
([rym,1]: By, = Bw),{[p,1,0] | p € P}, {[p,1,0] | p € P})
fori1<:i<nand 1<j<m.

Since the scattered context grammar contains only metalinear productions, it is
clear that also the productions in this programmed grammar are all metalinear. More-
over, the productions in the programmed grammar simulating the productions in a
scattered context rule are applied in a fixed order, possibly passing over a production
in case it is contained in F. The use of primes guarantees that the simulating pro-
ductions are applied only to nonterminals already appearing in the sentential form to
be rewritten and not to the ones introduced by a former production of the scattered
context rule that is being simulated.

This allows the parallel fashion of a scattered context rule to be simulated by the
sequential order of programmed grammar productions. Note that the proof requires
the unordered characteristic of the scattered context grammar, for a production o — 3
can rewrite any occurrence of « in the current sentential form. Obviously, L(G) =
L{G") and thus USCymrinee © PRyrpin,ac holds. m]

Lemma 6.
M ATE]LIN cus C}[\}]LIN and M ATZ[\;]LIN,D.C cus C.?[Q]LIN,ac'

Proof. Again, only the second statement is proved (for the A-free case), the others
can be proved in a similar way. Consider a matrix grammar

G=(N,T,5M,F)
with appearance checking and only metalinear productions. Denote

Lab(M) = {mi7j |mi : (al qﬂl)a2 —*,32,...,&,1 _)ﬂn) € M,
M={mi,m;,...,mz},1<i<m,1<j<n}

To simulate this matrix grammar with appearance checking, construct the unordered
scattered context grammar with appearance checking

G =(N',T,8', P, F),
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where

N = NU{le,f]lae(NUT),B € Lab{M)} U{S'} and
P’ contains for S’ the starting rules (S') — ([S,m;4]) for 1 <¢ < n and
for every matrix (with only metalinear productions)
m; i (aq — By, 02 = Bavz, .50 = Bavn) € M,
B;i€(NUT), y;e(NUT) and 1 <j<n
the scattered context rules
(legy migl) = (85, mijalvi)s
(letns min]) = ([Bny M) ),
([6,mi 1, @3) — (16, mija), Bii),
([57 mi,n]aan) - ([5a mk,l]aﬂn"/n) and
(rymial) = (7)
for 1 <3,k<m, §e(NUT)and 7 € T".

The matrices can be simulated by unordered scattered context rules by adding a
label to every symbol of the alphabet. The matrices are split and for every production
of it some scattered context rules are created. The labels define an ordering on the
use of the various scattered context rules, thus simulating the strict order of matrices
by unordered scattered context rules.

At any moment in time, the number of symbols with a label in the sentential form
is zero or one. This can be seen from the definitions. If the number is zero, either the
sentential form is a terminal one and the derivation is terminated or the sentential
form contains a nonterminal and the derivation is blocked since every rule requires a
labeled symbol (except the initial rules). If the number is one, it can be replaced by
another labeled symbol (the label being the one of the next production in the matrix
or the one of the first production of a new matrix if it was the last production of
the matrix) while rewriting the symbol according to the production of a matrix being
simulated.

Naturally, a production of a scattered context rule can be “passed over” if the
same production could be passed over in the matrix grammar, in which case the other
production of the scattered context rule replaces the label by the label from the next
production in the matrix or the one from the first production of a new matrix if this
was the last production of the matrix. Naturally, terminating rules eliminating the

labels are present, to be used only when a matrix has been completely simulated. It
can now be seen that L(G) = L(G') and M ATyriNge © USCpMLIN,qc holds. |

Theorem 3. For f € {*}U{<k,=k,>k |k > 1} and g € {to,t1,%2}
USCI[;/}]LIN:PRECI]LIN:MAT]E;]LIszT*CDgCI]LIN(f)gHPT*CDk}]LIN and
) A X b\
U SCJI\;\I]LIN,M:P RE\/I]LIN,ac:M AT][VI]LIN,ac:P T*CDE\/I]LIN(Q):H P T*CDE\J]LIN'
Proof. Tt can be seen from the proofs of PRY ¢ T,C DM(t;) and PRY C

T,CDM(t,) in [19] that these results continue to hold in the metalinear case. The
same holds for the proofs, in [19] as well, of PR C PT,CDM(f) and PT.CDV(f) C
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MAT®, for f € {*}U{<L k,= k,> k | k > 1}. Finally, also the proof of
HPT.CDW C MATY in [2] can be seen to hold in the case of a restriction to
metalinear productions as well. The theorem is hence a simple combination of these
results and some obvious inclusions with Lemma 5§ and 6. |

Note that this theorem strengthens Theorem 2 to an equality for modes g, ¢; and
t5 instead of the last inclusion there. An open problem remains, however, for the other
modes of derivation. The next lemma strengthens Lemma 4 and thereby Theorem 2,
even more.

Lemma 7. For f € {x}U{<k,=k,>k|k > 1} and g € {to,t1,12}

MLIN CcUSCypin = PRuriv = MATyvriv = PT.CDypin(f) C
PT.CDyrin(g) = HPT.C Dyriy.

Proof. The first three equalities are proved in Theorem 3. Moreover, the unordered
scattered context grammar

Gl = ({S7 A7 B7 O}a {a7 bJ C}, Sa {Pl;PmPa}),
with the rules (consisting of only metalinear productions)

n : (S)— (ABC),
p2 : (A4,B,C)— (aA,bB,cC) and
ps : (A, B,C)— (a,b,c)

generates L(G1) = {a™b"¢ | n > 1} € USCuypiv \ CF. Since it is known
that {a"b"c® | n > 1} € CS \ CF and from the Chomsky hierarchy that
MLIN C CF C (8, the first inclusion is proper indeed. The last inclusion
is obvious, since clearly USCyrin € USCumLiNg. and, according to Theorem 3,
USCuring. = PT.CDpyrin(f) for f € {to,t1,t2}. Finally, the last equality was
proved in Theorem 3. O

Hence already an unordered scattered context, programmed or matrix grammar
without appearance checking and with A-free productions and only metalinear pro-
ductions can generate languages beyond the class of metalinear languages. Moreover,
also a prescribed team CD grammar system (for all modes of derivation) and a hybrid
prescribed team CD grammar system, both with teams of variable size and only met-
alinear productions, can already generate languages beyond this class of metalinear
languages.

For matrix and programmed grammars (with appearance checking) and regular,
linear, context-sensitive or recursively enumerable productions only, it is known (see,
e.g., [9]) that these cannot generate more than the class of regular, linear, context-
sensitive or recursively enumerable languages, respectively. Hence, no interesting
results may be expected for unordered scattered context grammars in these cases
either.

The next lemma says something about the relation between prescribed team CD
grammar systems with teams of bounded size and exactly 1 metalinear production
per component and linear simple matrix grammars of degree n. Because of Theorem
1 and its corollaries, this establishes a relation, presented in Corollary 5 right after the
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coming proof, with the (hybrid) prescribed team CD grammar systems with teams of
size 1 and linear or regular productions only.

To be more precise, denote PT{1,)CDarrina(f) for the class of prescribed team
CD grammar systems with teams of size 1 for the teams containing a production
with the axiom as its left-hand side, teams of size n for the teams containing other
productions, only 1 production per component (the second 1 in the notation), working
in mode f and containing only metalinear productions.

Lemma 8. Forn>1 and f € {=1,>1,% 10,41, 6} U{<k | k> 1}
SMpin(n) © PTanCDyriva(f).
Proof. Consider the linear simple matrix grammar
G = (N, Ng,..., N, T,5, M)

of degree k, k > 1. To simulate this linear simple matrix grammar, construct the
prescribed team CD grammar system

F=(N7T757P17P21'"7PH7Q17Q27"'an)a

where

n
N = N,
i=1
P, P,,...,P, are the components {a — B} for every @ — f in matrices

of M, a€ {S}uU|JN: and f € ((JN:UT)" and
i=1 =1

Q1,Q2,...,Qm are the teams {{S — B}} for every matrix (S — f) e M
and S € UNiUT* and

i=1
the teams {{A; — z;}} for every matrix of the form
(A1 = &1, 42 > 72, ..., A > xp) E M A; €N
z; € (N;UT) and 1 <4,5 < k.

Note that due to the pairwise disjoint alphabets of simple matrix languages a
production A; — z;, 1 < j < k, does not rewrite a nonterminal introduced by a
production A; — z;, 1 <t < j <k, of the same matrix, but a nonterminal already
present in the sentential form before applying this particular matrix to it. It is this
property of simple matrix grammars that allows the strict sequential order of rewriting
of them to be simulated by one parallel rewriting step of a team of a prescribed team
CD grammar system.

Do note also that a characteristic of linear simple matrix grammars is that there
can never be two of the same nonterminals in any sentential form. Hence leftmost
rewriting is equal to free rewriting in linear simple matrix grammars, thus free rewrit-
ing in the simulating prescribed team CD grammar system suffices. These notes imply
the restriction to the modes of derivation as stated in the lemma. Moreover, the met-
alinear productions of the prescribed team CD grammar system allow exactly the
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axiom to be the left-hand side of non-linear productions, which are precisely the only
non-linear productions in a linear simple matrix grammar.

1t is clear that L(G) = L(T). Furthermore, it is easy to see that teams with one
component are constructed for productions with the axiom as left-hand side and teams
of k components, k being the degree of the simple matrix grammar, are constructed
for the other productions. Moreover, all these components of the prescribed team CD
grammar system contain only one production. m|

Compare the following relations with Theorem 2.

Corollary 5. For f € {to,t1, 52} U{=k, 2k |k 22}, g€ {+x}U{<k,=k,>k]
k> 1} and ¢’ € {to, 11,12}

PTICDREG(f) = HPTYCDgge C PTchLIN(f) = HPT\CDpin C
PT.CDyrin(g9) C PT.CDyrin(g') = HPT.C Dyrrn.

Remark 1. According to Corollary 4, thereis a language that can be generated by
a (hybrid) prescribed team CD grammar system with teams of size 1 and only linear
productions, but which cannot be generated by a context-free grammar. Hence the
inclusion PTyCDrin(f) € PT.CDarin(g) in the above corollary is either proper and
CF C PT.CDayrin(g) holds or the family of languages generated by prescribed team
CD grammar systems with teams of variable size and only metalinear productions is
incomparable with the class of context-free languages.

My conjecture is an incomparability result. An intuition supporting a pos-
sible proof is the following. It is clear that the context-free grammar G, =
({S,4},{a,8},5,{S — aAbS,S — aAb,S — ab,A — aAb,A — ab}) generates
L(G3) = {a™" | n > 1}* € CF. A characteristic of this language is its unknown
width and depth, i.e. the number of a™" | n > 1’s next to each other and for
each the amount of n are unknown. Obviously, metalinear productions can simu-
late the depth with productions similar to the last four productions in G3. The
width, however, has to be known in advance in the case of metalinear produc-
tions since the axiom is the only production which can have more than one non-
terminal on its right-hand side and should thus introduce a sufficient amount of
them. This amount has to be known in advance and the set of productions is fi-
nite, hence it seems that {a"b" | n > 1}* ¢ (PT.C Dppin(f) U PT.C D}y in(f)) for
f € {*,to,tl,tg}U{Sk,=k,Zk l k Z 1}

Finally, note that if this conjecture holds, then also the classes of unordered scat-
tered context, matrix and programmed grammars (even with appearance checking)
with only metalinear productions are incomparable with the class of context-free lan-
guages. For a proof of this, consider for example Theorem 3 and the proof of Lemma
7.

Hence for linear (and regular) simple matrix grammars, a prescribed team CD
grammar system with only metalinear productions can be constructed generating the
same language. Whether this also holds the other way around and for other modes
of derivation, is an open problem.

Another open problem is the relation between simple matrix grammars with only
context-free productions and prescribed team CD grammar systems and hence also
matrix grammars with only context-free productions (and appearance checking). The
leftmost rewriting of simple matrix grammars makes it unlikely to have a similar
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relation between them and prescribed team CD grammar systems, though. For matrix
grammars with only metalinear productions, however, the following corollary does
present an interesting relation with regular and linear simple matrix grammars.

Corollary 6. For n>1
SMRE(;(n) =SM})‘%EG(T7,) C SML[N(R)ZSMéIN(n) C MATyrin © MATJ\);ILIN'

Proof. For n > 1, SMpra(n) = SMagg(n) C SMpin(r) = SM?n(n) (see, e.g.,
[9]) From Lemma 8 follows that SMpin(n) € PT(ynCDyrina(f) forn>1and f €
{=1,>1,%,tg,t1,8}U{<k | k > 1}. Moreover, it is clear that PT(; ,yCDarrina(f) €
PT.CDppin(f) for all modes of derivation and thus SMpin(n) € PT.CDyrin(f) is
obtained for n > 1 and f € {=1,>1,#} U {<k | k > 1}. Finally, Theorem 3 finishes
the proof of the corollary. a

CF=CD(#)=CD(=1)=CD(>1)=CD(<k) (for s k > 1
PT.CDyrin(h:)=HPT.CDyrin=USCuMLIN o=

/ B € {to, 1,12} PRMLIN,ac=MATML[N,ac
‘ t

MLIN =[H|CDurin(f) fe{*,t}u{Sk,=k,2k|kzl}}

hy € {=1,21,%} |
PT.CDuyrin(h,)=USCuyrin=PRyrin=M ATyrin

f
!

LIN =[H|CDyin(f) = [H|PT.CDyify [HIPT,CD y(g)=S My

fe {mttu{<k,=k>kk>1} g € {to,t1, YU {=k>k| k> 2}

REG=[H)CDrga(f) = [H|PT.C Drectf IH|PT,C Dy} c(9) = SMbL,

A very interesting corollary indeed, knowing that SMrrn(n) € SM (n)forn >1
(see, e.g., [9]) and keeping in mind the unknown relation between simple matrix
grammars and matrix grammars, in the case of context-free productions only, already
mentioned above.

5. Summary

A summary of the results presented here will be given in the form of a diagram.
A hierarchy along the lines of (the sub-context-free part of) the Chomsky hierarchy
(see, e.g., [9]), is chosen. In this way, readers will obtain a clear insight into the power
of teams in grammar systems in the sub-context-free cases.

In this diagram, a dashed arrow indicates an inclusion which is not known to be
proper, whereas a straight arrow indicates a proper inclusion; in both cases the class
the arrow leaves is included in the class the arrow points at. Families which are not
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connected are not necessarily incomparable. Moreover, all relations of which a proof
is included in here are printed in boldface.

Observing this diagram, it is clear that some open problems remain, even though
a good insight into the power of (hybrid) prescribed teams in CD grammar systems
is offered. One such an open problem concerns a possible hierarchy that can be found
in this diagram and it is formulated next.

What is the generative power of prescribed (hybrid) team CD grammar systems
with only regular or linear productions and teams of constant size s, for s > 27

Acknowledgements. This work has benefited from discussions with and com-
ments and suggestions from E. Csuhaj-Varji, H.C.M. Kleijn and Gh. Piun. This
paper is an excerpt from Part III: Teams in CD grammar systems of my master’s
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